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1 Preliminaries
1.1 System State
The IMU state of an aided inertial navigation system at time step k is given by [1]:
_ T
xip=[Ga" by, v bg “p(] (1)

where g(j is the unit quaternion of JPL form parameterizing the rotation gR from the global frame
{G} to the current local frame {k} [2], b, and b,, are the gyroscope and accelerometer biases, and
Gy and “py, are the velocity and position of the IMU expressed in the global frame, respectively.
The error state corresponding to Equation (1) is given by:

oxy = [F60% b Csv] bl CGspl]’ (2)

The relationship between the vector quantities with true value v, mean value v, and error state
ov takes the form v = v + §v. For quaternions in JPL convention, with true value ¢, mean value
¢, and error state §0, we have:

SHEL 0

where ® is the quaternion multiplication. We write these relationships compactly as x = x H dx
and /x = xHxX.

1.2 Graph Optimization

Given a set of measurements with residuals e; and information matrices A;, we solve the following
maximum a posteriori (MAP) problem to estimate our state [3]:

. . 1
X = argmin g 3 ||e; (X)Hil (4)
X .
7

We solve this MAP problem through iterative linearization, where for each iteration we solve the
following problem:

) : 1 .
0% = argmin }i : 5 llei (%) + Jiox| A (5)
8ei ()A( H 5X)
J=—"—"
00x x=0 (6)

It is clear that in order to use this formulation in estimation, we must define the appropriate
measurement residuals e;, Jacobians J;, and information matrices A;. In this technical report we
show how to optimally utilize IMU measurements in this formulation through the use of continuous
preintegration.

2 Continuous Preintegration

An IMU attached to the robot collects inertial readings of the underlying state dynamics. In
particular, the sensor receives angular velocity w,, and local linear acceleration a,, measurements
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which relate to the corresponding true values w and a as follows:

meW+bw+nw (7)
am = a+IG'RGg+ba+na (8)

where “g = [0 0 9.81] T is the global gravity, noting that the gravity is slightly different in different
parts of the globe, and éR is the rotation from the global frame to the instantaneous local inertial
frame. The measurements are corrupted both by the time-varying biases by, and b, (which must be
co-estimated with the state), and the zero-mean white Gaussian noises n,, and n,. The standard
dynamics of the IMU state is given by [4]:

L = 50w — by~ m)l o)
by, = nup (10)
“vr=%R(am — by —n,) — g (11)
b, = ng, (12)
“pr = vy (13)

where

Q) = {— L] “’} (14)

—w 0

3 Standard IMU Processing

Given a series of IMU measurements, Z, collected over a time interval [tg,tr11], the standard
(graph-based) IMU processing considers the following propagation function:

Xk4+1 = g(Xk,I, Il) (15)

That is, the future state at time step k£ + 1 is a function of the current state at step k, the IMU
measurements Z, and the corresponding measurement noise n. Conditioning on the current state,
the expected value of the next state is found by evaluating the propagation function with zero
noise:

)u(k—ﬁ—l = g(xkazv O) (16)

which implies that we perform integration of the state dynamics in the absence of noise. The
residual for use in batch optimization of this propagation now constrains the start and end states
of the interval and is given by:

1 N
crmu(x) = 3 ||x+1 B Xk-}—l”é}:l (17)

1
= 5 ka-l-l = g (X/mIa 0) (18)

”?Q;l
where Qy, is the linearized, discrete-time noise covariance computed from the IMU noise character-
ization and is a function of the state. This noise covariance matrix and the propagation function
can be found by the integration of Equations (9)-(13) and their associated error state dynamics, to
which we refer the reader to [2, 1].
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It is clear from Equation (16) that we need constantly re-evaluate the propagation function g(-)
and the residual covariance Qj whenever the linearization point (state estimate) changes. The high
frequency nature of the IMU sensors and the complexity of the propagation function and the noise
covariance can make direct incorporation of IMU data in real-time graph-based SLAM prohibitively
expensive.

4 Model 1: Piecewise Constant Measurements

IMU preintegration seeks to directly reduce the computational complexity of incorporating inertial
measurements by removing the need to re-integrate the propagation function and noise covari-
ance. This is achieved by processing IMU measurements in a local frame of reference, yielding
measurements that are, in contrast to Equation (16), independent of the state [5].

Specifically, by denoting AT = t;1 — 1, we have the following relationship between a series of
IMU measurements, the start state, and the resulting end state [0]:

1 trpt1 s
Cpri1 = Opi + CviAT — QGgATQ + R *R (a,, — b, — n,) duds (19)
ti ti
. e e an [ e
Vi1 = vy — CgAT + R +R(a, — b, —n,)du (20)
173
ké’+1R — ]]z-ﬁ-lR ]é’R (21)
trt1
by, = by, +/ n., du (22)
tg
tet1
ba,,, = ba, +/ ng, du (23)
ty
From the above, we define the following preintegrated IMU measurements:
41 s
Foy 1 = / *R (ay, — by — n,) duds (24)
th t
k Pty
Br+1 = / +R(ay, — b, —ng,)du (25)
ty

where along with these preintegrated inertial measurements the preintegrated relative-orientation
measurement ],zﬂ(j (or ’,:HR) can be obtained from the integration of the gyro measurements.

To remove the dependencies of the above preintegrated measurements on the true biases, we
linearize about the current bias estimates at time step iy, by, and by, . Defining Ab = b —b*, we
have:

1
¢R (Gpm —Opy, — Vi AT + QGgATQ) ~

oo Oa
k *
i1 (bwk,bzk) + 6T b Abw + aT b Aba (26)
w Wi a ap
oB oB
k G G G ~ k
GR( Vi4+1 — Vg + gAT) >~ ,Bk+1 (szk’bzk) + abw b:}k Abw + 8ba bakAba (27)
k+lp k! IR k+1 *
G+ R GR ~R (8b - Abw) k+ R (bwk) (28)
w Py
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Note that Equations (26) and (27) are simple Taylor series expansions for our Fayyq and *Byiq
measurements, while Equation (28) models an additional rotation induced due to a change of the
linearization point (estimate) of the gyro bias [0, 7].
The preintegrated measurement’s mean values, "&y1, k,ékH, and ﬁ“i, must be computed
for use in graph optimization. It is important to note that current preintegration methods [5, 7,
| are all based on discrete integration of the measurement dynamics through Euler or midpoint
integration. In particular, the discrete approximation used by Forster et al. [7] in fact corresponds
to a piecewise constant global acceleration model. By contrast, we here offer closed-form solutions
for the measurement means under the assumptions of piecewise constant measurements and of
piecewise constant local acceleration (in Section 5).

k

4.1 Measurement Mean
We now derive the closed-from solutions for ],zﬂ(f, k&1, k,ék +1- In particular, the quaternion

T+1¢ can be found using the zeroth order quaternion integrator [2]. This can be compounded

successively to get the final measurement mean ’g+1§. In a similar fashion, we can find, in closed

form, *&, 41 and k,éT 11 We have derived the following continuous time linear system:

ks kv
Ay | 0 I Oy, 0 «
[%J‘% of i) + gw] a2 2
The solution of this linear dynamical system is given by:

k v

k 5 try1
Ol o 0 .
" =®(trq1,tr " —1—/ D(tri1,u [ v] a, —b) ) du 30

where the state-transition matrix ®(¢,41,t;) is given by the matrix exponential:

'I>(t7-+1,t7-):exp<[g ﬂ At>:I+[g (I)] At+[g g] AtQZ[(I) Iﬂ (31)

where At = t,;41 — t;. Substituting the state-transition into Equation (30) yields:

k < r k X t
Qril| I IA¢ ar i | I(t7+1—u) 0.
)=l IH%J+L 0 1 ][R/ (32)
ke, + 53 At b1 [t —u)FRa
— T _MT T L u d
A @
_ [Fer +58,A0 L [FAR [T (e — w) Ra du -~
|k, CaR [ R du

where & = a,, — b, . Using @ = wy, — b}, and 6t = (41 — u), and the Rodrigues’ formula (35)

we have:
sin(|w|dt)

@l

1 — cos(|w|dt)

THR = exp(—|@]6t) =1 — @] + R |&]? (35)
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] rdT+kBTAt]+[¢HRf“ ()1~ I o) 1 I o) o >d<st] )

8,41 k8, BR[O - SnUeO0) g o LoD 5 12) a)dot
_ rdﬁk@m}
kA,

T+1 [@]3 2|w

T+1R(At1 1— (Os‘g’TJQKAt))L J + (\w\At)‘ sin(|@w|At L JQ)(é)

N & R((At2)1+ || Atcos(|w|At)— Slll(|w|At)L J+ (|&|At)% —2cos(|@|At)— 2(|w\At)sm(|w\At)+2L J )( ):| (37)

wf?

4.2 State-Transition Matrix

In order to use the derived continuous preintegration measurement means, we must have the co-
variances associated with their error quantities. To do this, we examine the time evolution of the
corresponding error states:

56, =*6p, (38)
*3Bu = {R 1+ [“664)) (am — ba —14) =4 R (2 — b}, (39)

= iR (=by — n) +5 R[50 (an — b)) (40)
sy, = — | (@ — by, )| “06k — by — 1y (41)

where we have used the standard error associated with JPL-convention quaternions, ;g = 0q ® zﬁ,
and 6 ~ [(60/2)" 1]T. This yields the following linearized system describing our error states:

00, ~l@] -1 0 0 0] 10 0 0
b, 0 0 0 0 Of] b, 0 I 0 0 :w
5B, = |-iRla] 0 0 —ER of |*B.| +|0 0 —tR of | (42)
by 0 0 0 0 O] b, oo o I|"
FSer, 0 0 I 0 0] [ka, o0 o0 of -
= 1=Fr+Gn (43)
As compared to the original preintegration paper [(], the above system incorporates bias errors

that captures the drift in a given bias over an interval. Note that these bias error terms b, and
b,, describe the deviation of the bias over the interval due to the random-walk drift, rather than
the error of the current bias estimate. The discrete state transition matrix can be found by solving
the following differential equation:

B (ty,t;) = F(u) ®(t,,t,) (44)
®(ir,tr) = Lisxis (45)
4.3 Discrete Covariance Propagation

Using the expressions for the state-transition matrix, the covariance propagation for our preinte-
grated measurements takes the form:

Py = 015415 (46)
PT+1 = q)(t7+1utT) PT q)( T+17 ) + QT (47)
tri1
Q, = / D (tr41,u)G(1)QG(u) ®(t,1,u) du (48)
tT
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In practical applications, the state transition matrix ®(t,41,¢;) and discrete measurement covari-
ance Q, can be numerically integrated.

4.4 Acceleration Bias Jacobians

We have derived the closed-form measurement update for *év, and 3, (see Equation (37)). We
need only compute the gradients of our closed-form update expressions with respect to changes in
bias. In particular, since each update term is linear in the estimated acceleration, a = a,, — by,
we can find the bias Jacobians of oy, and *3;,; with respect to b, as follows:

da
36| . [Ha(r+1) H,(7) + Hg(1)At
Laz;} {HB(T + 1)} { Hp(7) ] (49)

2wt

B ’ﬁHf{ (%213X3+ ‘Q‘Atcos(|‘°‘|é|t§’sm(|‘z’mt)LAJ (\cblAt)Q72cos(|c2:|At)72(|c2:\At)sin(|cb|At)+2 L®J2>
I;Hf{(Atngg Locoslo)(80) || . (SI20sinllelan) g )

and for small values of @ we have:

Ho(r+1)] _ [Ha(r) + Hy(mAr]  [E RAET- A2 |6] 4 2262
i (1 )] = [ ] [ﬁifuﬁﬂ%w . ] o

|&|—0

4.5 Gyro Bias Jacobians

We find the derivatives of Fo,; 11 and *3. 11 with respect to each entry of the gyro bias by taking
the derivative with respect to each gyro bias entry. We seek to find the following entries:

_ 8ka.,-+1 8ka.,-+1 8’“a7+1

Jo = [ b,  Ob.,,  Oby, (51)
_ akﬁT-H 8kﬁ7+1 8kﬁ7+1

Jp = { by by by (52)

For each of the above entries, from Equation (37), we have the following:
8ka7+1_ o, L ok B, At
b, db,, | Ob,,

0 (At2) |w|Atcos(|@w|At) — sin(|w|AL) | .
+abwi <¢+1R( I3u3 + FE |w]
 (19]20)° — 2c0s(||AL) — 2(@[At)sin(@| A1) + 2

20w/

L&J2)> (a) (53)

The first two terms are from the previous integration time step, as we build these Jacobians incre-
mentally. Defining &; as the unit vector in the ¢’th direction, and w; the corresponding entry in @
the third term can be found as the following:

ok (At)2 @ ok
TR Ij{;biL o]+ f2lw]?) _ 5;;1;{ ((At) I+ f1|&] + f2] @] )

R (S 10) - pled + gl e - pledlo) + @lle)) 60
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where fi and fp are the corresponding coefficients in Equation (53), and their derivatives are
computed as:

0fy  @i(|@2Afsin(|w|At) — 3sin(|@|AL) + 3|w|Atcos(|@|At))

ob,, |w]5 (55)
Ofa _ @i((|@]At)® — deos(|@|At) — 4(@|At)sin(|@|AL) + (@] At)2cos(@|At) +4) (56)
Ob,, |l
For small @,
. df1 . AtD
| = —w;—— 57
@lo0 9by, 115 (57)
. 0 fs . At
1 =Q—
\&lﬁgo Ob,, D) (58)

Similarly, we have:

8k,37—+1 _ akﬁ‘r + 8f——f—lR'
ob,, _ Ob, | Ob,,

(At + fzl@] + fol@]?) &

THR(jgju—stéiH Soile - nedle) + Blleh)a (69

where
0fs _ w; (2(cos(|w|At) — 1) + (Jw|At)sin(|w]|At)) (60)
b, @[
Ofy w; (2(|Jw|At) + (|w|At)cos(|w|At) — 3sin(|w|At)) (61)
Oby, @l
For small @ we have:
. dfs . At?
1 =—Wi— 2
\a;lgo Ob,, @ 12 (62)
5
Ofs _ 08 (63)

y
@50 by, 160

We now show how to derive the derivative of the rotation matrix with respect to a change in
bias, i.e., Ab, = b, — b, . To do so, we consider a set of measurements over the interval and for
the first measurement interval, [tg,tr ], with measurement w,,,, we integrate over its sub-interval
to get the following:

TR=(ER) = (expuwml—bzk—AwaAt»T (64)
~ (exp(|wm, — b}, | At)exp(| =Ty, Aby | At))T (65)
= exp(|Jr, Ab, | At)exp(—|wm, — b}, | At) (66)
= exp(|J,, Ab, ] AR (67)
~ (ngg + |3, Ab, JADTR (68)
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where J,, is the right Jacobian of SO(3) evaluated at the i’th measurement (i.e., wyy,, ), see Equation
(164). This decomposition can be done for every measurement interval:

ZHR = (I3><3 + |.']7"i+1Awa At)ZHR (69)

We can now look at what happens when we compound measurements. In particular, at the second-
step [tr,,tr,], we have the following:

PR="R'R (70)

~ (Isxs + [Ty Aby, |A)2R(Isxs + | I, Aby, |A) 'R (71)

= (Isx3 + [Jr, Aby, |At) (Isxs + | 2RI, Ab, | At PR (72)

~ (Ioxs + |3, + 2RI, )AL | ADTPR (73)

Here we have used the property that R|w|R'T = |Rw]| for a rotation matrix. Repeating this
process for the interval [t,,,t,,] yields:

rR=TLRPR (74)

~ (I3x3 + I3 Aby, JA) PR (I3x3 + [(Jr, + 2RI )Aby |AL) PR (75)

= (Lys + (3, Aby ) (T + (BRI, + TRI,)Ab, ADPR (76)

~ (Lsws + [(Jry + BRI, + BRI, A, JANPR (77)

T

We thus see the pattern developing and can write the updated rotation at any time step ¢, as:

KR = exp(|Jg(u)(by — bl ) iR (78)
with Jo(u) = > “RJ, At (79)

Each of these values can be calculated incrementally by noting that:

u
J(u+1)=4"R) IR, AL+ T, AL (80)
T=T1
= "MRI, (u) + Ty, At (81)

The derivative of every rotation with respect to the i’th entry of the gyro bias, which appears in
both Equation (54) and (59) can be approximated using:

ER = (T o L0, (1) (b — b, ) R (52)
O“R s
o~ Wawel iR (53)
AR .
G~ AR (e (54)

The total rotation after a bias update can be expressed as:

PR = exp(|J(k +1)(by — b5 ) IR (85)
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4.6 Measurement Residual

ermu(x) = (87)
Ivec (k-i—lq ® i'e k+1(7_1 ® Qb)

where
0 . (el
_ 0 sin 3
=" (g> (88)
0 =17, (b, —b}) (89)

4.7 Measurement Jacobian

Let us partition the preintegrated residual for the first model as:
T
ernu = [e] eIL el el;z e, | (90)

The measurement Jacobian with respect to one element of the state vector can be found by per-
turbing the measurement function by the corresponding element. For example, the relative-rotation
measurement residual is perturbed by a change in gyro bias around the current estimate (i.e.,

b, — bf, = by, + b, — b ):
Jq(buj, +0bu, —b, )
2
1
=: 2vec (ér &

J (bwk+6bwk
= 2vec (ﬁ(@n) [ ])

I _ bwk“l’(sbwk w )
— 9vec {%«4 3x3 - lar] k
—q, QT4

= (dr,413><3 — LélrJ)J (bwk + 0by, — ) + other terms

J (bwk+6bwk

So that our Jacobian with respect to a perturbance in bias is:

Oey . N
aéka = (qh413><3 - I_qu )Jq (91)
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Similarly, the Jacobian with respect to ¥*1§60g can be found as follows:

-1 .
e9:2vec< k+17® &q ®],§+1q ®Qb>

k+150G
= 2vec ® Grpy
k+1§9G
= 2vec | R(Gr) %

- - - k+159
— ovec |:QTb,4I3><3A:~r‘ |Qrb flrb:| —5c
_qrb QTb,4 1

= (Grpalzxs + Ldrbj)kJrl&HG + other terms

k+150G

Yielding the Jacobian:

869

500 = Groalzx3 + | Qro) (92)

The Jacobian with respect to #0660 is given by:

k
en — 2 k12 -1 529G k11 o 2
g = 2vec | & q® & 1 R @ O
k50 )
=2vec | ¢, ® 12 ® b

= ve (E(Qn)R(@;i) [‘ z D

|:(jmb,413><3 — [Qms) —qmb] —k‘s% )
q;b meA 1

—((Gn.aT3x3 — [n])) (GmbaTsx3 — [Qmb]) + @nGp) *00G + other terms
Which gives the Jacobian:

Oe . A B o
ﬁ = _((q"v413><3 - anJ)<me,4I3><3 - Lqme) + qnq;b)

Note than in the preceding Jacobians, we have defined several intermediate quaternions, (G, @b, @n,
and @,,;) for ease of notation. Following the same methodology, we can find the Jacobians of the
a measurement with respect to the position, velocity and bias.

8ebw N
80by, ! (93)
8ebw o
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oo = [BR(¥us — O+ )| (95)
a?zik =Js (96)
s = bR )
aa?i;l =cR (98)
aiib:k — 1 (100)
agsi’zﬂ —1 (101)
@fng = FR (Gmﬂ — Opy — CVpAL + ;GgAﬁ)J (102)
Oigik — J. (103)
aggi = —kRAL (104)
a?ﬁik - _H, (105)
82?}; - = kR (106)
aGiZH —ER (107)
(108)

5 Model 2: Piecewise Constant Local Acceleration

The previous preintegration (Model 1) assumes that noiseless IMU measurements can be approxi-
mated as remaining constant over a sampling interval, which, however, might not always be a good
approximation. For example, in the case of an IMU rotating against the direction of gravity, the
measurement will change over a sampling interval continuously due to the effect of gravity. In this
section, we propose a new preintegration model that instead assumes piecewise constant true local
acceleration during the sampling time interval, which may better approximate motion dynamics in
practice.
To this end, we first rewrite the state dynamics as:

tk+1 S
“pis1 = “pr + OV AT + gR/ / *Ra duds (109)
th ty
tet1
“Vir1 =i+ ¢R *Ra du (110)
tg
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Note that we have moved the effect of gravity back inside the integrals. We then define the following
vectors:

tet1 S
Ap:/ / *Ra duds (111)
22 123
Tet1
Av = / *Ra du (112)
12

which essentially are the true local position displacement and velocity change during [t, tx+1], and
yields:

Ap = Av (113)
At ="Ra (114)

In particular, between two IMU measurement times inside the preintegration interval, [t;,t,4+1] C
[tk,tk+1], we assume that the local acceleration will be constant:

Yty € [trotry1],  a(ty) = a(tr) (115)
Using this sampling model we can rewrite Equation (114) as:
Ab =FR <am — by — 1, — ;R@RGg) (116)

We now write the relationship of the states at the beginning and end of the interval as (see Equa-
tions (109) and (110)):

¢R (“prir — “pr — “ViAT) = Ap (117)
R (Gka — Gvk) = Av (118)

It is important to note that, since Ap and Awv are functions of both the biases and the initial
orientation, we perform the following linearization with respect to these states:

IéR (ka-i-l - ka’ - GvaT) = Ap ( Zk’ 2k>é‘q*)

OAp dAp dAp
Ab, + ———| Abg+ | A8 (119
" b, bz, * by I BRI g S0k (119)
0Av 0Av OAv
k G G * * k=
R B ~A b b Abw A a s AO 12
G ( Vi+1 Vk) 'U( wi? Pagr G4 > + 9bo, ‘b:]k + b, bék + aAek gq* ) ( 0)

where A@, = 2vec (’é(j ® ’é(f‘_l) is the rotation angle change associated with the change of the
linearization point of quaternion lé(j.

5.1 Measurement Mean

To compute the new preintegrated measurement mean values, we first determine the continuous-
time dynamics of the expected preintegration vectors by taking expectations of Equations (113)
and (116), given by:

Ap = A (121)
Ab=FR (am — b}, - gRgR*Gg> (122)
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As in the case of Model 1, we can formulate a linear system of the new preintegration measurement
vectors and find the closed-from solutions. Specifically, we can integrate these differential equations
and obtain the solution similar to Equation (37), while using the new definition: a = a,, — bj, —

ZR’&R*Gg, which serves as the estimate for the piecewise constant local acceleration over the
sampling interval.

5.2 Measurement Covariance

In order to use the derived continuous preintegration measurement means, we must have the co-
variances associated with their error quantities. We compute the derivative of our measurement
error states with respect to error sources as follows:
AP = Av— A (123)
= AD (124)
Ab = SR (14 [“08]) (am — b}, — b — (T [766,]) [R (I [A6,]) ER*Cg — n, )

%

R (am — b}, - ;f{’g;R*Gg> (125)
—*R|a)"60;, — “Rb, — FR["g|760; — “RIR|*g*|A6), — Rn, (126)

SIS

where Fg* = gR*Gg is the global gravity rotated into the local frame of the linearization point.
In the above expressions, we have used three angle errors: (i) “06) corresponds to the active local
IMU orientation error, (ii) 766y, corresponds to the cloned orientation error at the sampling time ¢,
and (iii) A@y is the global angle error of the starting orientation of the preintegration time interval.

In addition, the bias errors b describe the deviation of the bias from the starting value over the
interval due to bias drift. With this, we have the following time evolution of the full preintegrated
measurement error state:

“00; 06, [-1 0 0 0]
b, b, 0 I 0 0
AG A 0 0 —tR o] [
b, | =F| b, [+]|0 0 0 I n“” (127)
A Ap 0 0 0 O n“
56, 750, 0o 0 0o of-"
_Aék:_ | AGy, | L0 O 0 0]
= i=Fr+Gn (128)
where
[ —w] -T 0 0 o0 0 0 7
0 0 0 0 O 0 0
—tR[a] 0 0 R 0 —[R['g] —R{R["g"]
F=| o 0 0 0 O 0 0 (129)
0 0 I 0 0 0 0
0 0 0 0 O 0 0
) 0 0 0 O 0 0 ]

The above continuous time measurement error evolution can be can be numerically integrated
to get the appropriate state transition ®(¢,41,t;) and additive measurement noise covariance Q.
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Having defined the state transition matrix and additive measurement noise covariance, for each
incoming IMU measurement we can “propagate” our total preintegration covariance P as follows:

Py = 021x21 (130)
P =®(trg1, tr)Pr®(trg, ) + Q- (131)
P, =BP, B’ (132)

where B is the cloning matrix that allows us to replace the previous static orientation error 796y to
the new one "+1§6;, when moving to the next preintegration measurement time interval (i.e., from
[t'r; tT+1] to [tT—‘rla tT+2D7 and is given by:

(133)

-0 O O O -
C OO OO O
C O OO m~OO
OO O M~OOO
C O =~OOCOOo

==l el en B e B e B an]
-0 o O O 00

0 0

The resulting preintegrated measurement covariance is extracted from the top left 15x15 block of
Pj.1 after the propagation in Equations (130)-(132) is over for the entire preintegration interval

[ty trta]-

5.3 Bias Jacobian Discussion

Model two preintegration depends on the initial orientation ;R for each IMU sampling interval
[tr,tr+1] and thus, when integrating over one interval to the other, this initial orientation error
changes from 766}, to 771§0). This requires to extra care when computing the total Jacobian (state
transition) matrix, Wy, 1, over the entire preintegration interval [tg,tx11]; that is, we propagate
this matrix as follows:

W = Iax21 (134)
Vo1 =B®(try1,t:)¥r (135)

where B is defined the same as in Equation (133).

Clearly, the total Jacobin matrix W1 will be the Jacobian of the resulting preintegrated mea-
surement error with respect to the initial error. Therefore, we can simply extract the corresponding
blocks to obtain the bias and initial orientation Jacobians. Denoting Wy 1(,7) the 3 x 3 block of
the Jacobian matrix starting at index (4, j), we have:

Jy = —41(0,3) (136)
Ja = W;11(12,3) (137)
= W;41(6,3) (138)
Ha = V;11(12,9) (139)
Hy, = ¥,11(6,9) (140)
0. = 1.11(12,18) (141)
0y = ¥;1(6,18) (142)

where we flip the sign of J, to match the same definition used in Model 1.
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5.4 Measurement Residual

Hp (ba, —bj,) — Op 2vec (54 ® &7 ) — M) (143)

ervu(x) =

where
£ sin Lell
cos (T)
6 =J, (b, —bl,) (145)

5.5 Measurement Jacobian

Let us partition the preintegrated residual for the second model as:
T
ermny = [eér ebTw e ebTa eT] (146)

Instead of directly computing the derivatives, the measurement Jacobian with respect to one ele-
ment of the state vector can be found by perturbing the measurement function by the corresponding
element. The orientation and bias change measurement Jacobians remain unchanged under the new
model. However, since the definition of e, and e, have changed, their Jacobians must be changed
appropriately. The Jacobians are as follows:

e =1 a7
agfzﬂ =1 (148)
(9?:;;0 = [GR (“Vpp1 — V)| — Op (@I + |@)) (149)
a?ﬁik =Js (150)
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Ooe,

o, — R
a?izk = —Hs
oep, 1

86ba,.,
a?s%; =1
af(fga = &R (“Prs1 — B — “HAT) | - Oq (G + |d))
a?ﬁik = o
angzk — —ERAT
a?izk —Ha
agﬁ; =GR
0 N
3G5§Z+1 =GR

where [q" @] =kq® L

RPNG-2018-CPI
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(153)
(154)
(155)
(156)
(157)
(158)
(159)
(160)

(161)
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Appendix A: Useful Identities

We provide some useful identities that are used in our derivations throughout the report. Given a
constant angular velocity w between times t; and to, the rotation matrix between the two frames
L, and Ly, is given by the matrix exponential:

LR = exp (—[w(ts — 1))

sin(|w(ts — t1)]) 1 — cos(|w(tz — t1)|)

_ _ 2
where the skew-symmetric is defined as:
0 —w, wy
lwl=|w: 0 —w (163)
—Wy Wy 0
The right Jacobian of SO(3), J,(¢), is defined by (see [9]):
1 —cos —sin
AP S (LT N LI ET 6

Given a small angle vector perturbation d¢, we can make the following approximation for the
rotation matrix [7] :

exp (¢ + v ]) ~ exp (|@]) exp ([Jr(#)d)) (165)

This allows us to map a perturbation of the Lie algebra so(3) to a perturbation on the group
of SO(3). The JPL (natural order) quaternion is used throughout the paper [2, 10], which
parametrizes the rotation (162) as follows:

W i (lw(t22—t1)|)

Lt2 - ‘w|

L= cos <|“-’(t22—t1)|> (166)
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