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1 Useful Identities

We provide some useful identities that are used in our derivations throughout the report. Given a constant
angular velocity w between times ¢ and 9, the rotation matrix between the two frames L;, and L, is given
by the matrix exponential:

LR = exp (—[wl(ts — 1))

sin(|w(t2 — t1)]) 1 —cos(|w(ta —t1)])

_ _ 2
=I343 ] |lwx | + ol |wx | (1)
0 —Wy Wy
where |[wXx | = | w, 0  —w, | The right Jacobian of SO(3), J,(¢), is defined by (see [1]):
—Wwy Wy 0
1_ o
31 =g - LD g LIS o

Given a small angle vector perturbation ¢, we can make the following approximation for the rotation matrix

[2]:
exp (¢ + 09 |) ~ exp (|¢x ) exp (| I, (¢)dpx ) (3)

This allows us to map a perturbation of the Lie algebra so(3) to a perturbation on the group of SO(3). The
JPL (natural order) quaternion is used throughout the paper [3, 4], which parametrizes the rotation (1) as
follows:

@ gin (|w(t2*t1)|)

Lt2 _ |w| 2

Lo cos (4‘“’(t22*t1)|) @)

2 Introduction

Visual-inertial navigation systems (VINS) that fuse visual and inertial information to provide accurate local-
ization, have become nearly ubiquitous in part because of their low cost and light weight (e.g., see [5, 6, 7]).
IMUs provide local angular velocity and linear acceleration measurements, while cameras are a cheap yet
informative means for sensing the the surrounding environment and thus is an ideal aiding source for iner-
tial navigation. In particular, these benefits have made VINS popular in resource-constrained systems such
as micro aerial vehicles (MAVs) [8]. Traditionally, navigation solutions have been achieved via extended
Kalman Filters (EKFs), where incoming proprioceptive (IMU) and exteroceptive (camera) measurements
are processed to propagate and update state estimates, respectively. These filtering methods do not update
past state estimates that have been marginalized out, thus causing them to be highly susceptible to drift due
to the compounding of errors.

Graph-based optimization methods, by contrast, process all measurements taken over a trajectory simul-
taneously to estimate a smooth history of sensor states. These methods achieve higher accuracy due to the
ability to relinearize nonlinear measurement functions and correct previous state estimates [9]. Recently,
graph-based formulations have been introduced that allow the incorporation of IMU measurements into
“preintegrated” factors by performing integration of the system dynamics in a local frame of reference [2,

, 11]. Howeyver, these methods often simplify the required preintegrations by resorting to discrete solu-
tions under the approximation of piece-wise constant accelerations. To improve this IMU preintegration, in
this report, we instead model the IMU measurements as piece-wise constant and rigorously derive closed-
form solutions of the integration equations. Based on that, we offer analytical computations of the mean,
covariance, and bias Jacobians of the preintegrated measurements.
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3 Analytical IMU Preintegration

An IMU typically measures the local angular velocity w and linear acceleration a of its body, which are
assumed to be corrupted by the Gaussian white noise (n,, and n,) and the random-walk biases (b,, and

b,) [4]:
wm:w+bw+nw7am:a+g+ba+na7bw:nw97ba:nwa )

where g is the gravity vector in the local frame whose global counterpart is constant (e.g., “g = [0 09.81]7).
The navigation state at time-step k is given by:

T
L
x, = &g bl v bl Opf (©)

where é’“(j is the natural order quaternion (i.e., with JPL convention [3]) that describes the rotation from
frame {G} to frame {L;}, and “v; and ©py, are the velocity and position of the k-th local frame in the
global (e.g., starting) frame, respectively. The corresponding error state and H operation used in batch
optimization [12] can be written as (note that hereafter the transpose has been omitted for brevity):

%, = [*60c by, Vi ba, “Di (7
Lk 5q®Lk_

3 bwk + by,
X = X BHxp = G‘A’k’ +G‘~’k: )]
b, + by,
[Pk + P

where the operator ® denotes quaternion multiplication, and é’“ 0q is the error quaternion whose vector
k

portion is half the error angle, “§0; = 2vec (]z k 6@) = 22 *5q. We here use the following unit quaternion
k k

notation q := [qT q4] T The total (full and error) states are then comprised of all these vectors.

To locally combine all the IMU measurements from time-step k to k& + 1 without accessing the state
estimates (in particular, the orientation), we can perform the following factorization of the current rotation
matrix and integration of the measurements [13]:

ka+1: ka + GV At — gAt2 R/ / kR ("a;, — by —ny) drds
tr tr

kak+l

1
= Cp, + Yy At — ichtQ + {RPay iy 9)

te+1
Cvip1= v — “gAt + UR R ("a, — by —n,) dr

173

kBri1

— Oy, — GgAt + R Gy (10)
& 'R=TRER (11)

where At = t11 — tx. It becomes clear that the above integrals have been collected into the preintegrated
measurements, *a;. and ¥3; 1, which are expressed in the k-th local frame. Rearrangement of these
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equations yields:

1
R (%P~ i~ A+ L ORAR | = o (o b D) (12)
](C;R (Gvk—‘rl - Gvk + GgAt): kﬁk—}-l (Tama Twmv Ng, Ny, baa bw) (13)
T T
FHIRER =R ("wpm, 0w, by) L V7 € [th, o] (14)

For the remainder of this paper the biases noted will refer to the those of state k, and are approximated as
constant over the preintegration interval. It is important to note that in the above equations, the preintegrated
measurements are explicitly expressed as the functions of the IMU measurements, noise, and true biases to
show their dependency on these variables, as we will see later that it is this dependency that makes the exact
preintegration impossible. To address this issue, we employ the following first-order Taylor series expansion
with respect to the biases:

1
&R <ka+1 — “py, — VAt + QGgAt2> ~ (15)
— Jda Jda
k T T
ms my +ta wabaabw — A.ba — Ab’u)
ak+1 ( a @ " " )+8b(l ba + abﬂ) bw
gR (GVk+1 —Cvp+ GgAt) ~ (16)
- ap B
k T T
mH my +tay w7bll7b’w — Aba a. |- Ab’u)
ﬂkﬂ( Bmy W, M, 1 >+8ba ba + 0by, 1bw
T _
]grleR ~ R (Aby) Z+1R (Twmanwybw) 17)

where the preintegration functions have been linearized about the current bias estimates, b, and b,, and
Ab,, := b,, — b, and Ab, := b, — b, are the difference between the true biases and their linearization
points. Note that in the case of the relative rotations, a change in bias is modeled as inducing a further rota-
tion on our preintegrated relative rotation. The corresponding residuals of these preintegrated measurements
for use in graph optimization are given by:

1 o o R
SFag1=ER <ka+1 — 9pp — CviAt + §GgAt2> - 6T>,1Ab“ - MAbw — K (13)
) B) ) R
5 B1= ER (Fvirr — Ovic+ Sgar) P A, — I ab, kp, (19)
a w
k+150, = 2vec (’g“q® Literlite (j(Abw)‘l) (20)

where F& k+1 and k Bk+1 are the current estimated preintegrated measurements. We have defined ',z“c? as the

relative quaternion found through preintegration of the IMU measurements to distinguish from a quaternion
achieved by multiplication of the current sfate quaternion estimates. Based on the above definitions of
ka1 and kﬁkH, we have:

Fo, =3, @21)
3. =*R ("a,, — by —ny) (22)

Lastly, the rotation (quaternion) dynamics is given by:

.1
;g—q = §Q(wm - bw - nw)ql;q (23)
[— |wx | w]
where Q(w) = T .
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4 Compute Preintegration Mean and Covariance via Linear Systems

We now derive the closed-from solutions for *é,, * 5’ and Ty, [see (21), (22) and (23)]. In particular, the

quaternion ﬁﬂq can be found usmg the zeroth order quaternion integrator [4]. In a similar fashion, we can

find, in closed form, *é | and BT 11 We begin by stacking (21) and (22), and taking the expectation to
find the following linear system:

kA kA
(16 R oo

The solution of this linear dynamical system is given by:

a, fag) e 0] e
|:k N +1:| = Q(t‘l'-‘rla tT) |:k/é :| + / @(t7+1, ’LL) |:k]__:{:| ( Ay, — ba)du (25)
7+1 T tr u

where the state-transition matrix ®(¢,1,¢;) is given by the matrix exponential:

cIa(tTH,tT):exp([g (I)] At>:1+[g (IJ At+[8 g] AP = [(I) Iﬂ 26)

where At = ¢, 41 — t,. Substituting the state-transition into (25) yields:

k k A t
(8 7oy | o I IAt T T I(t7—+1 — U) 0 N
|: ﬂ7+1:| B 0 ] |:kﬂ‘r] +/t‘r 0 I ZR adu (27)
Fé, + 58, At] /““ [(t - u)kf{é}
= + T Tt gy (28)
L le’T tT kR
Fa, + %6, At r+1th Tt — U)THRa du
= kA + i T+1 ‘r+1 (29)
IBT T+1R f R‘a du

where & = “a,, — b,. Using w = “w,, — by, 0t = t-+1 — u and the matrix exponential of a skew
symmetric matrix (1), as well as the Rodrigues” SO(3) rotation formula, we analytically compute the prein-
tegration measurement evolution from time ¢, to ¢4 as follows (the detailed derivations can be found in
our supplementary material):

~ ~ ~ At sin(|@ 1—cos(|w|dt) | ~ A
[kC}TH} _ [ka7+f“,37At] N TR fy ()T (ll ‘|( D |éx] "‘%LWXJQ)(EI)CZ& (30)
kﬁv’—i—l kﬁq— ﬁ—i—lRf _sin( |( t)) LWXJ + 1— CTISJE‘I;J‘&t) LL:JXJQ)(é)d(;t
_ rdf +"'BTAt}
= kﬁT
¢+1R((A2ﬁ1 + \&|Atcos(|d)|‘§‘t)7§in(\w\At LA ><J + (lw|at) 272co§(\6;\At; (|w|At)sin(jw|At)42 L‘-‘A"XJ2)(é) (31)
+ ﬁ_HR(AtI 1— cos(\u\(At)) LWXJ + (\u\At)“:‘m(\w\At L‘;’XJ2)({1)

When w is very small, these equations are unstable. We therefore examine the limits as w tends to zero:

| + A% wx|%)(a)
|a‘1:1|r£0 b R(A - AtQ lwx] + AT% L@xf)(é)] >

rdfﬂ} _ [de + kﬁTAt] n [T_HR(AtQ AStS |wx |

kA o
BT-f—l kﬁ'r
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5 State-Transition Matrix

In order to use these measurements, we must have the covariances associated with their error quantities. To
do this, we examine the time evolution of the corresponding error states:

Foa = "B, (33)
k53, = FR (L + |700,x ) (Tam — ba — ng) —F R (Tam - Ba) (34)
= R (~Ab, — n,) +F R|760;x | (Tam - Ba) (35)
50), — — Ku — Bw) ><J 750, — Aby — ny (36)
where we have used the standard error associated with JPL-convention quaternions, ", = 6¢ ® 7y, and
50
0q ~ { i ] . This yields the following linearized system describing our error states:
s 03x3  Isxs o O3x3 o, 03x3 O3x3 |
"0Br| = |03xs  O3x3  —FR|(Tam —ba) x| %08 | + |[—ER 033 [na] (37
700, 03x3  O3x3 —[("wm — by) x] 700, 033  —Igus] - °
= r=Fr+Gn (33)

We ignore the error terms associated with bias, as the biases are being evaluated at their current estimates,
essentially linearizing the measurements and their corresponding errors about those points. Under the ap-
proximation that F (38) does not change over a measurement time interval [t,, t;11], the discrete-time state
transition matrix, can be written as:

1
®(t;41,t,) = exp(F(At)) = I3x3 + FAL + 5(FAt)2 + ... (39)
where At = t;11 — tx. In order to find the analytical expression, we need to look at the powers of F.

O3x3  Isxs 033 | R . .
F= |03 033 E |, withE= kR L(am - ba> ><J andd = —(wm — by)  (40)
03x3 0343 ldx] |

Based on this, we have:

(033 I3x3 03x3 | [O3x3 I3x3 033 033 033 E
F2= |03x3  O3x3 E O3x3  O3x3 E | =[03x3 0343 E|dx] (41)
103x3  0O3x3  |dx]]| [03x3  O3x3  [dXx] 03x3 0343 [dx]?
[03x3  O3x3 E 03x3  Isxs 033 03x3  O3x3 E|dx]
F?= |03x3 O3x3 E[dx]| |03x3  03x3 E | =|03x3 03x3 E[dx|?| (42)
103x3 0343 |[dx|?] [03x3  Osxz  |dx] 03x3  O3x3 |dx]3
03x3  O3x3 E|dx] | [03x3  I3x3 03x3 03x3  O3x3 ELdXJ?
F'= |03x3 O3x3 E|dx|?| [03x3 0343 E | =|03x3 03x3 E[dx|?| 43)
03x3  O3x3 |[dx |2 | [03x3  Osx3 |dx] 03x3  O3x3 |dx |4
Fo—...

By close inspection, it is not difficult to see that the discrete-time state transition matrix takes the form [14]:

P D) P3
D(t;11,t7) = [O3x3 D5 D3 (44)
033 033 P33
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Based on (40)-(43), we find each entry of the state transition matrix as follows:

P11 = Py = Igxs 45)

P1p = I5x3AL (46)

B — %E(At)z + %EdeJ (A1) + %EdeJQ(At)‘* . @7)

Py = P31 = P32 = 033 (48)

$y3 = EAL + %EdeJAtQ + %EdeJQAt?’ + %EdeJ?’At‘l 4o (49)

B33 = I3,3 + [dx AL+ [dx]?At? 4 - (50)
We now first turn our attention to ®13. Using |d x |2 = —|d|?|d x |, we can write it as:

B3 — %E(At)Q + %EdeJ(Atf + %mef(m)‘* _ %\d\QEdeJ(At)S - i|d\2Edej2(At)6 + %\dﬁEdeJ(At)? +

—E(At)? + E(l(At)?’ - l'de(At)S ldx ]+ E( (A — |d|2(At)6 +..)|dx]?
:§E(At)2 |d|3(yd|At sin(|d|At))[dx | + |j]‘4(cos(|d\At)—1+ (|d|At)?)|dx]?  (51)

Similarly, we repeat this process for ®o3:
1 1 1
&y = EAL + fEdejAtQ + —EdeJQAt3 - I|d|2ELd><JAt4 +
1 1
= EAt+E(5 Lae - —\d| At + .)dej - E(—At?’ — 5|d|2At5 +..)|dx?

= EAt + E(1 —cos(|d|At))[dx | + (|d]At sin(|d|At))|dx |? (52)

[d?
Lastly, ®33 is simply computed based on the Rodriques’ formula (1):

sin(|d|At) 1 — cos(|d|At)

(P33 - eXp(LdXJAt) = I3><3 + ’d| Ld J |d’2

[dxJ? (53)

When w, similarly when d, becomes small the above equations will become numerically unstable due to
|d|, and thus w, appearing in the denominator. We therefore look to take the limit as |d| approaches zero.

1 At3 Att
lim <I)13 = E(*I3X3(At) + — Ld J + 7LdXJ ) (54)
|d|—0 2
At? At3
lim @93 = E(AtIzys + — |dx | + ——[dx|?) (55)
|d|—0 2 6
. Ar? 2
lim ®33 = I35 + At|dx ]| + —|d x| (56)
|d|—0 2
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6 Discrete Covariance Propagation

Using the expressions for the state-transition matrix, the covariance propagation for our preintegrated mea-
surements takes the form:

P, = 0949 (57)
T
Pt7-+1 — (I’(tT+17 tT)PtT@(tTJrl? tT) + Qd (58)
s T T
Q= [ @t ) GWQET (W (b ) (59)
tr
o1 | P11 P P3| [03x3 03x3 o1 - 4B ®] O3x3  O3x3
:/ ’ 03><3 @22 ‘1)23 75]?{ 03><3 [0813%3 (2)51><3 :| |:(0)3X3 akR OEX?’} ‘I‘B '3};2 03><3 du
tr O3x3  O3x3  P33] [03x3 —I3x3 B Twisxs] [Daxs pa el e @, @
trr | P11 P P3| [03x3 03x3 033 o 033 033
= / 03x3 Do P3| |03x3  02I3xs 03x3 ], ®J, 03x3 | du
tr 103x3 033 ®33| | 033 03x3 0213.3] | @5 o, IR
o | 02®1P, 402 P13P); 02®19®Pgy + 00 P138y; 05 P13P
= / (02@12@2;2 + ang<I>1T3<I>2T3)T UZQQQQ;ZTQ + a?TuéTQg@ZTS 01;@23@%3 du  (60)
tr (02 P13P33) (02 P23 P33) 0w P33 P33
Defining dt = tj41 — u, each of these integration entries can be written as j;t”l f(trr1 — u)du =
OAt f(dt)dot. Using the expressions for the state-transition matrix, the discrete time noise covariance can

be found:

Qi = 2Ly 20 4 o2g (A0 —L(m(\dmt)—240sin(|d|At)+20(|d|At)3
11 — O-a 3x3 3 Uw 20 3x3 60|d|7

—3(|d| A1) + 120(\d|At)cos(\d|At)) dejz) E’

At? At 3sin(|d|At) — 2(|d|At) — (|d|At)cos(|d|At
Q12 :0-3713><3+0-3)E <813X3+ (Id]At) —2(|d| |d)|5 (|d|At)cos(|d| )LdXJ
_ 2 4 ~ _
+8cos(|d|At) 4(|d|At)? + (|d]|At)* + 8(|d|At)sin(|d|At) 8Ld><j2 BT
8/d|®
Qus = o2 <I3><SéAt3 N 2cos(|d|At) + (|ﬂ(.i||%ts1n(|dAt) -2 ldx|
6|d|At — 12sin(|d|At) + (|d|At)3 + 6]d|Atcos(|d|At) 9
+ [dx ]
6/d[®
3 : _ 3
Q2 = 02AtIz3 4+ 02 E (%Lﬁxi& + Goin([d|A1) ?,)(ELAt) + (i85 Ld><J2) ET
2 (AP sin(|d[At) — (|d]At) asin®(1424) — (ajan? -,
Qa3 =0, E Tlgxg + ‘d‘S LdXJ - 2|d‘4 |_d><J
Qss = Aty Iss
Qa1 = Qf;
Q.’Sl = QIS
Q2 = Qg3

When w, similarly when d, becomes small the above equations will become numerically unstable due to
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|d|, and thus w, appearing in the denominator. We therefore look to take the limit as |d| approaches zero.

At3 Atd At”
1i = I + PPE(—I+ ——|dx |)E" 61
dm Qu = opl== + o, Bl +5or 49 6
At? At? A° A6
li =2 I+2E(—I-—|d — ldx |HET 2
am, Quz = 0a -1+ oy (% go [x)+ g ldx]Y) (62)
1 Att AtD
li =?E(I-At? — —|d —|dx|? 63
dm Qus = o, B(Ig g Ldx]+ 5o ldx]T) (63)
At3 Atd
li = A+ 2 E(—TI+ ——|dx |2 )ET 64
\d1|I£OQ22 o + o E( 3 + 60L x]?) (64)
IAZ A Att
1i s=02BE(— — ——|d — |dx|? 65
\dﬁfoQ% o E( > 5 l[dx] + 24L x]%) (65)
lim Qs3 = Ato2l (66)
|d|—0

(67)

7 Bias Jacobians

Changes in biases are modeled as adding corrections to our preintegration measurements through the use of
bias Jacobians [see (15) and (16)], it is critical to compute these Jacobians accurately. In particular, as seen
from (31) that each update term is linear in the estimated acceleration, a = a,,, — b,, we can find the bias
Jacobians of kak-+1 and ¥ Br+1 with respect to b, as follows:

| [Ha(r+1)] _ [Ha(r) + Ha(r)At
[Zazﬂ B {Hﬁ(7+ 1)] B { Hp(7) } (63)

[w]?

fHR <At13x3 _ 1=cos(jw|(At)) lox |+ (\W\At)*%lig(\wmt) L@JXF)

Jw

£+1R (ATIQIJXJ + |w|Atcos(|w|At)—sin(Jw|At) L‘-:’XJ + (\w|At)272cos(|w\A;?;l24(\w|At)sin(\w\At)+2 L(;-’XJ2>‘|

[w]?

lim
|w]|—0

2 8 . 1.
[Ho(r + )] _ [Halr) £ BT _ 5 ROPT- A lax] + A lox )]
- A2 -~ A3 -~
Hs(r+1) Hp(7) FAR(A - 8F [ox ] + 8- [wx?)
Similarly, the Jacobians with respect to the gyro bias a%: =:Ja, % =: Jg can be found by taking the
derivative with respect to each of gyro bias entries. That is, we seek the entries of

_ [bari1 OFari 0Farg _ [0"Bra1 O%Bry1 0°Brna .
Jo = [ b, by Db, and Jg = b, b, by | For each entry we derive the

following:

oy OFa, N ok B, At
dby,,  Oby,  Oby,
0 (i (At?) |w|Atcos(|@w|At) — sin(jw|At)
+8bw1 <T+1R( 9 I + |(_’b|3

lwx]

N (70)

SIAD2 — ) —2(|w in(|w
(l@]at? — 2cos(| |At2)¢:;|42(| |At)sin] Af)*ﬂwﬁ))(é)
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The first two terms can be found with the previous derivatives. Defining €; as the unit vector in the ith
direction, the third term can be found as:

O R(CLET 4 fiox] + folox]?) 95, R ((W

Oby, ~ Oby, 2

It fi|ox) +f2L<D><J2>

oft | . . 8 . R . T
PR (ST (o) = frlei] + o @x)? ~ folleix][ox] + Lox][&x])) D
8bwL Oby,
where fi and f, are the corresponding coefficients in (70), and their derivatives are computed as:

ofi  w!é&(|w]?At%sin(|w|At) — 3sin(|@|At) + 3|@|Atcos(|w|At))

Ty @ 72
Ofr  wlei((|@]At)? — deos(|@|At) — 4G A)sin(|&]AL) + (|&]At)2cos(|G]AL) + 4) 73)
Oby, |l
For small w,

. ofn . Atd
A By, i 15 74

6
9fa :w,Ait (75)

i
w20 Oby, T2
Similarly, we have (see (31)):

8kﬁ‘ﬂrl - akﬁT + T+1R
Oby,,  Oby, | Oby,

(AL + fal@x ] + fal@x?)

afs | . . Ofs | . . . g .
R (G ox) - plax + T o] - fillex]lo x Hox]lex)) )& 06)
where
Ofs  w!é&;(2(cos(|@w|At) — 1) + (|w]At)sin(|w|At))
= - 7
B, G
Ofs  w!&(2(|w|At) + (|w|At)cos(|w|At) — 3sin(|w|At))
= - (78)
by, ||
For small w,
. 8f3 _ A‘At4
W ab,, Vi 7
5
Of _ At )

y
w50 Ob, 60

We now show how to derive the derivative of the rotation matrix with respect to a change in bias, i.e.,
Aby, = by — byt

TR=( R)" = (exp(|wm, — bw — Aby,x|AL))" (81)
~ (exp(|wm, — by x |At)exp(|—J,, Abyx |AL)) T (82)

= exp([Jr, Aby, X |AL) (exp(— [wm, — by X |Al) (83)
xp(|J-, Aby, x| AR (84)

(13><3 +J,, Ab,, x| At)TIR (85)
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where J,, is the right Jacobian of SO(3), see equation (2). This decomposition can be done for every
measurement interval:

TOR ~ (Tges + 3, Aby x | AR (86)

We can now look at what happens when we compound measurements. In particular, at the second-step 7o,
we have the following:

”R="7R'R (87)
~ (Isxs + [Jry Abyx [A) 2R (I3x3 + | Jr, Aby x AR (88)
= (Isx3 + |JrsAby x |A) (I3x3 + [2RJ,, Ab, x| AR (89)
= (Isx3 + [(Jry + 2RI, )Ab, x |A) PR (90)

Here we have used the property that R|wx |RT = |Rwx | for a rotation matrix. Repeating this process
for time-step 73 yields:

PR =TRPR (91)
~ (Isx3 + [Jry Abyx |AOBR(I3x3 + [ (Jr, + 2RI, )Ab, x AR (92)
= (Isxs + [JrsAby ¥ | ) (Isxs + [(GRIr, + TR, )Aby x JAL) PR (93)
~ (Isxz + [(Jry + 2RI, + PRI, )Aby, x At PR (94)

We thus see the pattern developing and can write the updated rotation at any time step u as:

iRa = exp(|Jq(u)(bw — bu) x| )iRe (95)
with Jg(u) = > RJ, At (96)

Each of these values can be calculated incrementally by noting that:

Jou+1) =R URI AL+ T, A =0T RI(u) + Ty, At (97)

T=T1

The derivative of every rotation with respect to the ith entry of the gyro bias, which appears in both (71) and
(76) can be approximated using:

FRe > (Isxs + | Jq(u) (by — bu)x |)iRe (98)
R i

a}k)w ~ [Jg(u)éix | Re 99)
R .

a;;w‘ ~ "R [T, (u)é; x| (100)

The total rotation after a bias update can be expressed as:

MIRg = exp([J4(k + 1)(by — by)x )i ' Re (101)
(102)
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Note that this is essentially the same update as seen in [2], although we parametrize opposite rotations. We
use the symbol & to denote an estimate after update and © before update. The angle measurement residual
can be written as:

k1650, = 2vec( 7@ &7 @ @ quat(exp(—[Jq(k + 1) (by — )XJ)) ) (103)
L _
~ 2vec <’f+1q 61 et e [2(‘]‘1('07{’ - b“’)D , (104)

where quat(-) denotes the transformation of a rotation matrix to the corresponding quaternion. In the above
expression, we have also used the common assumption that (b,, — b,,) is small. Note that we only use this
approximation for the computation of Jacobians, while (105) is used for the evaluation of actual residuals.

8 Preintegration Measurement Jacobians
Our total measurement residuals can be written as:

¢R <ka+1 —“p — VAL + - 5 gAt2> Ja(by —by) — Ha(bg —ba) — a4
r= ]éR (Gka — Gvk + GgAt) Jﬂ(b - B ) - H[}(ba - E‘a) - kBk‘Fl (105)
2vec( q® G kgt ® 5 k+1_ '® quat(Exp(—[J4(by, — Bw)XJ))

In order to use the preintegrated measurement residuals in graph-based optimization, the corresponding
Jacobians with respect to the optimization variables are necessary. To this end, we first rewrite the relative-
rotation measurement residual as:

—1 o—1
k+159k:2vec(k+lq®k* Y ant ®qb) (106)

where @, is the quaternion induced by a change in gyro bias and Zﬂtj is the quaternion of relative rotation
obtained by integrating the IMU measurements. Instead of directly computing the derivatives, the measure-
ment Jacobian with respect to one element of the state vector can be found by perturbing the measurement
function by the corresponding element. For example, the relative-rotation measurement residual is perturbed

by a change in gyro bias around the current estimate (i.e., b,, — by, = = by + by — by):
A — Jg(buw+bw—bu)
k156, = 2vec <k+1q ok @i ® [ ’ 2 D (107)
" Jq(Bw+Bw_Bw)
2vec | ¢r ® i (108)
R Jq(6w+6w_6w)
= 2vec | L(g) i (109)
q _ | & A J (Bw+6w_6w)
— 9vec ( [‘MIM —lax] g ] [ : ] ) (110)
—q, QT‘ 4 1
= (Gralsxs — [Qrx|)J ( + by —by,) + other terms (111)

So that our Jacobian with respect to a perturbance in bias is:

8k+150k

86 = (Qr‘,413><3 - L(EITXJ)JQ (112)
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Similarly, the Jacobian with respect to ¥+166 can be found as follows:

1k+150 . —1 1 .
k150, = 2vec <[2 . “loklieki ol o qb> (113)
1k+1
= 2vec <[2 20 ] ® qrb> (114)
L1k+1
= 2vec <R(qrb [ 06 ]) (115)
_ ovec <[%~b413x3 + Gy x| f?lrb] [ék+159G:|) (116)
_qu Q’r‘b,4 1
= (Grp,alsxs + Lqrbxj)’“+150(; + other terms 117)
Yielding the Jacobian:
o+Ls0, )
ak+150G = QTb,4IS><3 + LquXJ (118)
The Jacobian with respect to *66 is given by:
k+1 k+lz ok a1 200 k1 A
150, = 2vec +q®Gq ® 12 ®k+q ®(jb (119)
k50 .
= 2vec | 4, ® 12 QG (120)
R L | —"d0a

= 2vec | L(qn)R(q,,;) 12 (121)
— 9vec [@n,ﬂsxg A—TLQnXJ fln] [me,413x3T— [ —_me] —ﬂ (122)

—q, dn,4 (S dmb,4 1

= —((GnaT3x3x3 — [8n %)) (@mpalsxs — [Ampx|) + @ndyp)*60c + other terms (123)
Which gives the Jacobian:

9kt150,

Ro0n —((GnaT3x3 — [@n X)) @mbalzx3 — [Ampx]) + @nG,hp) (124)

Note than in the preceding Jacobians, we have defined several intermediate quaternions, (¢, ¢, Gn, and
@mp) for ease of notation. Following the same methodology, we can find the Jacobians of the o measurement
with respect to the position, velocity and bias.

kak+1: ’éR (kaJrl - ka - Vcht + Lo At2> Ja(by — Bw) — Ha(by — ba)
o~ (13><3 - |_k50G><J) GR( Pit1 + “Pri1 — “Pr — “br — CVRAL — OV AL

+50800%) 3o (b +by—bu) ~Ho (ba+Bo— b))  (125)
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Then the following Jacobians immediately becomes available:

*appy
ak(SHG
6kak+1
°pr
OFouq
%Pry1
*appy
G vy,
8kOﬂIchl .
dby,
8kak+1
db,

s
=ER

_ kR
=-tR

= —FRAt

Similarly, we can write our 3 measurement as:

- . . . 1
= {’éR <ka+1 — P, — COpAt + QGgAtQ) XJ

"Bri1 = ER (“vis1 — “vi + “gAt) — Jg(by, — by)

~ (Igxz — [F006x ))ER (CVip1 + CVppr — O¥5 — O95 + “gAY)

which leads to the following Jacobians:

0% Brt1

k60

*Br11
0% vy,
" Br41
8Gvk+1
" Br11
Oby,
" Brt1
Oby,
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