
 

Title: Impact of Medial Calcifica3on on Arterial Mechanics and 

Haemodynamics 

Authors: Pak-Wing Fok1, Kun Gou2, Brandon Myers1, and Peter Lanzer3 

 

Running Title: Impact of Medial Calcifica3on on Haemodynamics 

 

Corresponding Author:  

Pak-Wing Fok, 

412 Ewing Hall, 

Department of Mathema3cal Sciences, 

University of Delaware, 

Newark, 

DE 19716  

pakwing@udel.edu 

1 University of Delaware, Department of Mathema3cal Sciences, 

Newark, DE 19716, USA 

2 Department of Computa3onal, Engineering, and Mathema3cal 

Sciences, Texas A&M University – San Antonio, San Antonio, TX 78224, 

USA 

3 Health Care Center Bi^erfeld-Wolfen, Bi^erfeld, Germany 

 



 

Key Points Summary 

 

• Medial Arterial Calcifica.on (MAC) o3en occurs in aging arteries, promoted by diabetes 

mellitus and chronic kidney disease. Pa.ents with advanced calcifica.on may develop 

limb-threatening ischemia due to malperfusion.  

• Through theore.cal modeling and simula.on, we find that calcified arteries experience a 

reduced flow rate because they present smaller lumen areas compared to healthy 

arteries.  

• The systolic pressure decreases across calcified arteries whereas in healthy arteries, the 

systolic pressure usually increases. These findings have broad implica.ons for localized 

detec.on of MAC. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Impact of Medial Calcifica3on on Arterial Mechanics and 

Haemodynamics 

Pak-Wing Fok, Kun Gou, Brandon Myers, and Peter Lanzer 

 

Abstract 

 

Medial Arterial Calcifica.on (MAC) o3en occurs in aging arteries, promoted by diabetes mellitus 

and chronic kidney disease. Advanced MAC represents a frequent cause of chronic limb-

threatening ischemia and limb amputa.on. Through a 1D haemodynamics simula.on, we study 

how the mechanical proper.es of calcified arterial .ssue and hydraulic resistance in the 

peripheral circula.on jointly impact haemodynamics as MAC develops. We find that (i) there is a 

greater drop in systolic pressure across calcified arteries compared to healthy arteries, but this 

drop can be offset by greater peripheral resistance, provided le3 ventricular func.on is intact, 

(ii) both calcifica.on and enhanced peripheral resistance lead to reduced flow rates, reduced 

peripheral perfusion, and peripheral .ssue hypoxemia and (iii) pressurized calcified arteries 

present lumen areas that are smaller compared to healthy arteries, even though they are larger 

when unpressurized. 

 

We also explore the effects of posi.ve remodeling and elevated blood pressure. We find that a 

global luminal enlargement reduces the systolic and mean pressure drop across a calcified 

artery while increasing the mean ouSlow rate, thereby making a calcified artery behave more 

like a healthy one, hydrodynamically. Increasing the global pressure in a calcified artery further 

enhances the drop in systolic and mean pressure while increasing the mean ouSlow rate.  

 

Our simula.ons suggest that the increased impedance in calcified arteries results from smaller 

in-vivo lumen areas. This can reduce the ouSlow rate, but the effect is complicated by arteriole 

closures, vessel geometry, and global pressure. These findings confirm previously reported 

observa.ons of flow reduc.on in calcified arteries.  

Introduc5on 



 

Medial Arterial Calcifica.on (MAC) is a vascular disorder, dis.nct from atherosclerosis, in which 

calcium phosphate (CaP) precipitates and crystalizes due to a breakdown of CaP homeostasis in 

the media (Lanzer, et al. 2021). The result is considerable mineraliza.on and progressive 

destruc.on of the medial layer. In advanced MAC, extensive axial segments of an artery are 

calcified, and the calcifica.ons eventually span the en.re circumference, encasing the in.ma in 

rigid sheath. In contrast, atherosclerosis-associated calcifica.on is spoXy and occurs in the 

in.ma. 

 

MAC occurs in aging arteries and is largely accelerated by diabetes mellitus (DM) and chronic 

kidney disease (CKD). In addi.on to calcifica.on, in.mal hyperplasia represents a second cri.cal 

hallmark of MAC. Pa.ents with advanced MAC, frequently diabe.cs, may eventually develop 

chronic limb-threatening ischemia which is o3en responsible for minor and major limb 

amputa.ons: see Figure 1(a) for an example of ischemia-related necrosis in the finger. The 

hemodynamical mechanisms underlying the ischemia are not fully understood although some 

basic facts are known. For example, arteries s.ffen due to calcifica.on and intraluminal cross-

sec.onal area may decrease (Fok and Lanzer 2018). 

 

In this work, we study, in-silico, the haemodynamics of a large artery undergoing the joint 

effects of calcifica.on, increased peripheral resistance, posi.ve remodeling, and elevated 

pressure, which are all hallmarks of MAC. We propose that a drop in systolic pressure across an 

artery is a sufficient, but not necessary, condi.on of arterial calcifica.on.  

 

Figure 1(b) shows a .me-pressure trace of a pa.ent with MAC. Due to impaired pressure wave 

transmission, MAC arteries have a decreased systolic pressure at the outlet compared to the 

inlet resul.ng in an FFR (Frac.onal Flow Reserve) < 1. This contrasts with healthy arteries, 

where the systolic pressure usually amplifies as the pulse wave propagates downstream. 

Schema.cs for calcified and healthy arteries are shown in Figure 2. In MAC pa.ents, the distal 

systolic pressure (Pd) has been observed to be lower than the central systolic pressure (Pa) so 



that Pd/Pa < 1, whereas in a healthy artery, Pd/Pa > 1. It has been hypothesized that this marked 

reduc.on in the Pd/Pa ra.o is an important indicator of MAC (Lanzer, et al. 2021) but this 

predic.on lacks a rigorous theore.cal jus.fica.on. 

 

Several studies have described how arterial s.ffness and geometry affect the pressure pulse 

wave. Arterial s.ffening generally augments both systolic pressure (Hashimoto 2022, Tsao 2014, 

Mitchell 2004) and pulse pressure (Chirinos 2019, Mitchell 2004). Systolic pressure o3en 

increases along large healthy arteries due to tapering and reflec.ons from bifurca.ons (Lyle 

2017, Van de Vosse 2011) with the result that brachial or femoral systolic pressures usually 

exceed central systolic pressures.  

 

Mul.ple papers have reported the effect of age on arterial s.ffness/geometry. It is well-

documented (Lee 2010, Kamenskiy, et al. 2018) that arteries become s.ffer and increase their 

diameters as they age. Arterial cross-sec.ons of subjects of different ages o3en present 

different cardiovascular pathologies (Jadidi, et al. 2021), but older pa.ents generally have 

arteries that have larger lumens and thicker walls. However, there are two important caveats. 

First, although a typical unpressurized healthy artery has a smaller lumen area than a typical 

unpressurized calcified artery, under physiological pressures, the healthy artery dilates more 

during systole than its calcified counterpart. Second, the studies in (Kamenskiy, et al. 2018) were 

performed on samples that had liXle in.mal growth. In.ma hyperplasia, if it occurs, will of 

course thicken the arterial wall, but it can also modify the lumen area in unexpected ways 

(Mukherjee, Mohammad Mirzaei and Fok 2024, Glagov, et al. 1987) causing either an increase 

or a decrease in lumen area depending on the extent of the growth. 

 

 

 

 

 

 



Methods 

 

Mathema0cal Model and Governing Equa0ons 

In this sec.on, we present a model for 1D arterial blood flow. Such hemodynamic models are 

commonly used because the fluid flow is simplified (Alastruey, et al. 2009) and the resul.ng 

equa.ons can be solved more quickly. 

 

The 1D model makes several assump.ons. First, components of the flow orthogonal to the axial 

direc.on are small enough to be neglected. Second, the artery is straight. Therefore, the lumen 

area 𝐴(𝑥, 𝑡), axial flow velocity 𝑢(𝑥, 𝑡) and blood pressure 𝑝(𝑥, 𝑡) are all func.ons of x, the 

posi.on along the artery measured in cen.meters and t, .me measured in seconds. With these 

assump.ons, we have 

 

𝐴! + (𝑢𝐴)" = 0 (1) 

 

𝑢! + 𝑢𝑢" = −
𝑝"
𝜌

(2) 

𝑝 = 𝑓(𝐴, 𝐵#) (3) 

 

where r is the density of blood. The first two par.al differen.al equa.ons are derived from 

conserving the fluid’s mass and momentum. In 1D haemodynamics, the final equa.on captures 

the artery’s mechanical proper.es and is called a “tube law”, o3en specified as an empirical 

rela.on. However, in our framework, the rela.onship between area and pressure is found 

numerically from a hyperelas.c model where B0 is the area of the unpressurized lumen. This is 

the main novelty in our method. 

 

Specifically, we consider a hyperelas.c annulus with thickness h and cross-sec.onal area B0 in 

the stress-free state: see Figure 3(a). The mechanical proper.es of the annulus are dictated by a 

strain energy func.on that has already been parameterized for healthy and calcified arteries 

(Jadidi, et al. 2021). Assuming that the annulus is subject to an internal pressure p and the 



external boundary is trac.on-free, the deformed lumen area A can be found: see the sec.on 

Mechanical Proper0es of Artery below and the Appendix for further details. 

 

In our model, the tube laws for healthy and calcified arteries do not need to be assumed. 

Rather, they are derived from published data sets such as (Jadidi, et al. 2021) and incorporated 

directly into our haemodynamics framework. The disadvantage is that evalua.ng the tube law 

becomes computa.onally costly. Our numerical method pre-computes an interpolant for the 

pressure-area rela.onship p = f(A, B0) for different reference cross-sec.onal areas B0 along with 

deriva.ves of f(A, B0)  with respect to A and B0, which are needed in the blood flow model. The 

unpressurized lumen area B0 changes along the artery because of tapering.  

 

Vessel Geometry 

We consider a straight tapered artery of length L. In the unpressurized, reference state, the 

lumen radius R(x) sa.sfies 

 

𝑅(𝑥) = 𝑅$ 41 −
𝑥
𝐿6 + 𝑅$ . 𝜁. 4

𝑥
𝐿6 (4) 

 

where 𝑅$ is the arterial radius at the inlet and 𝜁 is the tapering factor. A tapering factor 𝜁 = 1 

corresponds to no tapering while 𝜁 = 0 means the outlet radius is zero. The reference lumen 

area is then calculated as B0(x) = p R2(x). 

 

The thickness of the arterial wall h and the tapering factor 𝜁 are chosen so that when the artery 

is subject to an internal pressure of Pin(0) = 65.5b mmHg, the deformed diameters match closely 

with Figure 3 of (Raines, Jaffrin and Shapiro 1974), 20 – 60 cm from the Iliac bifurca.on. Here, b 

is an amplifica.on factor that is set to 1 for calibra.on and most of our results but can be 

increased to model the effects of elevated pressure. Pin(t) is the inlet driving pressure (see Inlet 

Boundary Condi0ons below). Taking L = 40 cm, we found that h = 0.0744 cm and 𝜁 = 0.75 

produced a good match. 

 



Ini0al Condi0ons 

We inflate the en.re artery with a pressure 𝑃%"! = 𝛽 × 𝑃&'(0) = 65.5𝛽 mmHg. This yields a 

deformed lumen area for every value of x, which is used as the ini.al condi.on A(x,t=0). The 

ini.al fluid velocity is assumed to be zero everywhere: u(x,0) = 0. Finally, Pb is the pressure at 

the branching point in the peripheral vasculature, and we set its ini.al condi.on as Pb(t=0) = 

Pext: see Figure 4. Because the en.re femoral artery is ini.ally at the same pressure Pext, we also 

have Pout(t=0) = 65.5b mmHg. 

 

Inlet Boundary Condi0ons 

Using Matlab’s csaps.m func.on, we constructed a smoothing spline approxima.on to the 

.me-pressure data from the superficial femoral artery in Figure 7 of (Raines, Jaffrin and Shapiro 

1974). This procedure defined the func.on Pin(t). The data was extended periodically from 0 < t 

< 1 to -1 < t < 2 before fipng the spline so that Pin(t) over [0,1] was iden.cal to Pin(t) over [1,2]. 

To account for an elevated inlet pressure, Pin(t) is scaled by an amplifica.on factor b. 

 

Outlet Boundary Condi0ons 

Windkessel models are commonly used to describe blood flow, represen.ng a complex 

cardiovascular system such as a heart chamber or an artery with a single compartment (Olufsen 

and Nadim 2004, L. Formaggia, et al. 2006). Although they have been used as stand-alone 

compartment models, they can also describe the terminal condi.ons in spa.ally resolved blood 

flow simula.ons. Windkessel models are composed of electrical components such as resistors, 

capacitors, and inductors that are tuned to imitate the viscous dissipa.on, vessel compliance 

and fluid iner.a in a vascular network. 

 

To simulate the post-arterial peripheral circula.on, we consider a Windkessel model that has 

been structured to qualita.vely imitate arboriza.on: see Figure 4. The main femoral artery 

aXaches to a single resistor with resistance R0, which is, in turn, aXached to N smaller 

“arterioles” in parallel. Each arteriole is composed of a resistor with resistance R and a capacitor 

with capacitance C. The post-peripheral pressure is set to P0 = 0 mmHg. If the total resistance 



and capacitance of the N arteries are RT and CT respec.vely, then the N arterioles can be 

replaced with a single parallel RC combina.on, resul.ng in a simple 3-component Windkessel 

element: two resistors with resistances R0 and RT and a capacitor with capacitance CT. In the 

Numerical Methods sec.on below we describe how RT and CT are modified when j of the 

arterioles are closed. 

 

Note that the parallel resistor/capacitor components in Figure 4 do not represent single vessels. 

When Windkessel elements are used to provide terminal boundary condi.ons, their parameters 

are tuned to match hemodynamic data: see the Numerical Methods sec.on below for details. 

Individual components may be thought of as collec.ons of vessels with a total effec.ve 

resistance and capacitance. 

 

A3er using Kirchhoff’s laws and the defini.on of the forward characteris.c Wf (see the 

Appendix for the formula.on of eqs. (1)-(2) in terms of characteris.c variables Wf and Wb), we 

obtain the following system of outlet condi.ons at x = L: 

 

𝐶
𝑑𝑃(
𝑑𝑡

+
𝑃(
𝑅
= 𝑄 +

𝑃#
𝑅

(5) 

 

𝑓(𝐴(𝐿, 𝑡), 𝐵#(𝐿)) − 𝑃( = 𝑄𝑅# (6) 
 

𝐴(𝐿, 𝑡)	𝑊)(𝐿, 𝑡) = 𝑄(𝐿, 𝑡) + 𝐴𝜈(𝐴(𝐿, 𝑡), 𝐵#) (7) 

 

where 

𝜈(𝐴, 𝐵#) = F
𝑐(𝐴*, 𝐵#)

𝐴*
𝑑𝐴*

+

,!
(8) 

 

In eqs. (5)-(7), Pb is the pressure to the right of the first resistor in Figure 4 and 𝑄 = 𝑢 × 𝐴 is the 

flow rate at x=L. In eq. (8), c is the pulse wave speed and is defined mathema.cally in the 



Appendix. Therefore, at the outlet we have 3 equa.ons for the 3 unknown quan..es Pb, A, and 

Q.  

 

Mechanical Proper0es of Artery 

We give an explicit formula for the tube-law f(A,B0) through hyperelas.c modeling of a 

pressurized annular cylinder with thickness h, following (Jadidi, et al. 2021). This model assumes 

that the arterial wall behaves mechanically like a neo-Hookean solid, but reinforced with two 

families of collagen fibres oriented at angles 𝜙 and -𝜙 with respect to the circumferen.al unit 

vector: 

 

𝑓(𝐴, 𝐵#) = − F
dS
𝑆𝛼-

N𝜇 P
1
𝛼-

− 𝛼-Q + 4𝑘.𝐸	𝑒/"0
" U
1 − 2𝑐. − 𝑐-

𝛼-
− 𝛼-(𝑐. + 𝑐- cos- 𝜙)YZ

1,!/345

1,!/3

(9) 

 

where 

𝐸(𝑆; 𝐴, 𝐵#) = 𝑐. P
1
𝛼- + 𝛼

- + 1Q + 𝑐-(𝛼- cos- 𝜙 +sin- 𝜙) +
(1 − 3𝑐. − 𝑐-)

𝛼- − 1, 

 

𝛼 = 𝛼(𝑆; 𝐴, 𝐵#) =
_𝑆- + (𝐴 − 𝐵#)/𝜋

𝑆 , 

 

and 𝑐. = 2	𝜅67𝜅&7 and 𝑐- = 2	𝜅67c1 − 2𝜅&7d. Details of the deriva.on are given in the 

Appendix. The parameter 𝜙 (in radians) represents the fibre angle. 𝜇, 𝑘. and 𝑘- are strain 

energy coefficients and 𝜅67 and 𝜅&7 are parameters quan.fying fibre dispersion. The authors of 

(Jadidi, et al. 2021) mechanically tested femoral arterial .ssue taken from deceased subjects 

that exhibited various cardiovascular pathologies. Through this tes.ng, numerical values of the 

6 parameters 𝜙, 𝜇, 𝑘., 𝑘-, 𝜅67 and 𝜅&7were found for both healthy and calcified arteries and 

incorporated into our simula.on. 

 



For a healthy artery, we used the parameters from Pa.ent 2 of the paper, who exhibited no 

pathologies. For a severely calcified artery, we used the parameters from Pa.ent 14 who was a 

former smoker and exhibited coronary artery disease, dyslipidemia, and hypertension. The 

arteries of Pa.ent 14 were classified as having severe calcifica.on and a moderately thickened 

in.ma. Table 1 shows the values of the 6 parameters. The subscripts ‘H’ and ‘C’ are used to 

differen.ate between healthy and calcified arteries respec.vely. 

 

In addi.on to predic.ng the behavior of healthy and severely calcified arteries, we also simulate 

mildly and moderately calcified vessels. For these cases, we calculate the mechanical 

parameters using interpola.on: 

 

𝜅&7 = (1 − 𝜆)𝜅&7,9 + 𝜆𝜅&7,:  

𝜅67 = (1 − 𝜆)𝜅67,9 + 𝜆𝜅67,:  

𝑘. = (1 − 𝜆)𝑘.,9 + 𝜆𝑘.,: (10) 

𝑘- = (1 − 𝜆)𝑘-,9 + 𝜆𝑘-,:  

𝜇 = (1 − 𝜆)𝜇9 + 𝜆𝜇:  

𝜙 = (1 − 𝜆)𝜙9 + 𝜆𝜙:  

 

For mildly calcified .ssue, we take l = 0.15 and for moderately calcified .ssue, we take l = 0.30. 

 

In Figure 3(b), we plot the pressure-area curve p = f(A,B0) for healthy and calcified arteries. We 

see that a calcified artery dilates much less than a healthy artery, under the same pressure. 

Although at p=0, the calcified artery has a larger lumen, when the pressure in both arteries is 

increased, the healthy artery dilates much more since it is more compliant. This difference in 

behavior between elas.c and calcified arteries has important consequences for their transport 

proper.es. 

 

Numerical Methods 



Eqs. (1) – (3) are solved in their characteris.c form using a first order upwind scheme with 

f(A,B0) defined by eq. (9). At the inlet, the pressure is defined by Pin(t) and at the outlet, Pout = 

f(A(L,t),B0(L)) evolves through eqs. (5) – (7). We solve for 0 < t < 2, finding that the flow requires 

about 1 second to become periodic, star.ng from a solu.on at rest. We ignore the solu.ons for 

0 < t < 1 and record the velocity u(x,t) and lumen area A(x,t) for 1 < t < 2 and 0 < x < L. Pressure 

and flow rate are computed as p(x,t) = f(A(x,t),B0(x)) and Q(x,t) = u(x,t) ×	A(x,t). As a check, the 

governing equa.ons were integrated over longer periods of .me and the solu.ons for 1 < t < 2 

were not significantly different than the ones for 2 < t < 3 (for example). 

 

To determine the resistances and capacitances of the Windkessel elements in a healthy artery, 

we used simulated data from Figure 7 of (Raines, Jaffrin and Shapiro 1974) which illustrates 

pressure waveforms at the common iliac, external iliac, superficial femoral and distal popliteal 

arteries. Matlab’s fmincon.m op.miza.on func.on was used to find the 3 Windkessel 

parameters CT, R0, and RT, that best-fit the pressure waveform from the distal popliteal artery. 

The capacitance CT was constrained to lie between 0 and 30 cm3/mmHg and R0, and RT were 

constrained to lie between 0 and 30 mmHg s/cm3. This approach yielded the op.mal (CT, R0, RT) 

shown in Table 2.  

 

We adopt the following procedure to model MAC-associated luminal narrowing and closure in 

peripheral vessels. An increase in peripheral resistance, along a decrease in compliance, is 

modeled by taking 𝑅 → ∞ and 𝐶 = 0 for a subset of the arterioles in Figure 4. If 0 ≤ 𝑗 < 𝑁 

represents the number of vessels that are closed, a simple calcula.on reveals that the total 

resistance and capacitance of the Windkessel elements are 

𝑅. =
𝑅;
1 − 𝑠 

𝐶. = 𝐶;(1 − 𝑠) 

where s = j/N is the frac.on of closed vessels. While an intact peripheral vasculature is 

parameterized by (CT, R0, RT), a MAC-afflicted peripheral vasculature is described by Windkessel 

parameters (C1, R0, R1). Although the value of N is unknown, we can nevertheless simulate 

progressive obstruc.on in the periphery by allowing s to increase con.nuously from 0 to 1. 



 

Results 

 

Simula0on Results.  

 

The most important factor to consider in a MAC artery is wall s.ffening due to calcifica.on. In 

addi.on, MAC is o3en accompanied by progressive closure of arterioles, resul.ng in an 

enhanced peripheral resistance. Although both s.ffening and peripheral resistance can occur 

concurrently, a benefit to using simula.on to explore MAC is that these changes can be studied 

independently. First, we gain insight into how an artery’s mechanical proper.es and its 

peripheral resistance impact local haemodynamics. Then we consider addi.onal physiological 

changes to the hemodynamic environment and artery due to a pa.ent’s age. The two that we 

will consider are elevated blood pressure and posi.ve remodeling of the arterial wall. For 

convenience, we introduce the quan..es 

 

∆<= Systolic	pressure	at	outlet	-	Systolic	pressure	at	inlet (11) 

Δ= = Mean	pressure	at	outlet	-	Mean	pressure	at	inlet (12) 

 

which we study extensively in our simula.ons. 

 

Effect of pure calcifica0on.  

 

Figure 5 shows how increasing arterial s.ffness affects pressure, flow rate and lumen area. All 

arterioles in the peripheral circula.on are kept open. The femoral arteries in each case have 

iden.cal dimensions in the unpressurized state and are driven by the same inlet pressure. Solid 

blue curves correspond to quan..es recorded at x = 0 while solid red curves correspond to 

quan..es recorded at the end of the artery, x=L. Dashed lines represent .me averages over 1 < 

t < 2. 

 



As an artery becomes s.ffer, modeled by an increase in l, the outlet systolic pressure drops 

resul.ng in Ds < 0. The difference in mean pressure increases resul.ng in Dm becoming more 

nega.ve. While the flow rate at the inlet lags that of the outlet in the healthy artery, they 

become more in-phase as the artery s.ffens. The area of the arterial lumen shrinks, resul.ng in 

an overall decrease in the flow rate as indicated in Figure 5(e) – (h). The dilatory response of the 

lumen to pressure pulses is also reduced as l increases: a severely calcified vessels exhibits very 

liXle pulsa.lity. While a healthy vessel has a mean flow rate of about 18 cm3/s, this drops to 

about 12 cm3/s for a severely calcified artery. Peak flow rates at the outlet drop from about 40 

cm3/s to 20 cm3/s.  

 

Effect of calcifica0on and arteriole closures.  

 

We now explore the effect of independently increasing s.ffness in the main vessel and 

increasing resistance in the peripheral circula.on. Again, all arteries are geometrically iden.cal 

at zero pressure and are driven by the same inlet pressure waveform. We present our results in 

the form of colormaps. For each flow metric, we compute its func.onal dependence on l 

(degree of calcifica.on) and s (frac.on of arteriole closures). 

 

In Figure 6(a), we see that as the vessel s.ffens, the outlet systolic pressure drops and Ds 

becomes more nega.ve. For severely calcified vessels, pressure drops as large as 50 mmHg are 

possible. This is accompanied by an increase in Dm in Figure 6(b), indica.ng an increase in the 

impedance of the vessel. On the other hand, as more arterioles shut down, the systolic and 

mean pressures at the outlet increase, resul.ng in a rise in Ds  and Dm. Overall, pressure 

changes due to calcifica.on can be offset by closing arterioles. 

 

Figure 6(c) shows that the ouSlow rate decreases when more arterioles close, or when the main 

vessel becomes more calcified. In Figure 6(d) mean flow rates drop from about 18 cm3/s, for a 

healthy vessel with no closures, at (l,s) = (0,0), to about 4 cm3/s, for a severely calcified vessel 

with a high frac.on of closures when (l,s) = (1, 0.85). Although not shown in Figure 6, for a 



fixed number of arterioles, as the vessel becomes more calcified, the outlet flow rates become 

more synchronized with the inlet flows similar to the ones shown in Figure 5(e) – (h). In severely 

calcified vessels, the outlet flow rate responds almost instantly to changes in the inlet. Finally, 

Figure 6(e, f) shows how the lumen areas at the inlet and outlet are impacted by vessel 

s.ffening and progressive arteriole shutdown. Lumen areas are unaffected by arteriole closures 

but quickly decrease as calcifica.on progresses. 

 

One can imagine that the state of a healthy artery undergoing both calcifica.on and arteriole 

closures is represented by a trajectory star.ng at (l, s) = (0,0). Such an artery could take 

mul.ple pathways as indicated in Figure 6(a). In pathway A, calcifica.on and closures occur at 

the same rate and D drops slightly before recovering. In B, substan.al calcifica.on occurs 

before rapid arteriole closures resul.ng in a steep drop in Ds and an eventual recovery. Finally 

in C, rapid arteriole closures occur before substan.al calcifica.on. In this case, Ds increases and 

then decreases. The same arguments can be applied to any of the flow metrics shown in Figure 

6. The overall effect of MAC on haemodynamics depends on the compe..on between 

calcifica.on rate and closure rate of arterioles. 

 

Effect of calcifica0on, increased mean pressure, and vessel remodeling. 

 

So far, we have only explored the effect of s.ffening without considering changes in pressure, or 

remodeling of the main artery. Generally, MAC arteries are larger and subject to higher 

pressures because MAC pa.ents tend to be older. 

 

In our simula.ons, thickening the wall does not have a significant effect on the outlet pressure. 

When the arterial wall is thickened by about 20%, from h = 0.074 cm to 0.090 cm, the pressure-

area func.on p = f(A,B0) is not significantly affected and there is a negligible effect on the 

haemodynamics, irrespec.ve of degree of calcifica.on. On the other hand, Figure 7 shows the 

effect of posi.ve remodeling on healthy and calcified arteries, simulated by increasing the 

unpressurized radius Ra. An increase in lumen size (dashed curves) affects f(A,B0) because the 



same pressure results in a larger lumen area. Increasing the unpressurized inlet radius Ra from 

0.15 cm to 0.17 cm increases the systolic pressure at the outlet by about 10 mmHg in both 

healthy and calcified cases. Note that the tapering factor z = 0.75 remains unchanged and Rb 

increases in accordance with eq. (4). When the lumen area is increased and the wall is 

thickened, the overall effect is the same as enlarging the lumen without thickening the wall.  

 

Next, we study the effect of calcifica.on occuring concurrently with luminal enlargement, and 

calcifica.on occuring concurrently with pressure eleva.on, while keeping the closure frac.on s 

fixed. Because simula.ons are ini.alized with a hydrosta.c pressure Pext = b Pin(t=0), increasing 

a increases the pressure throughout the artery at t=0 and elevates the .me-averaged pressure 

at every spa.al point in the vessel. Therefore, luminal enlargement and pressure eleva.on are 

modeled by increasing Ra and a respec.vely. In Figure 8 we see that Ds, Dm, and mean flow rate 

all increase as Ra increases for fixed l. The effect of posi.ve remodeling is to increase the 

pressure and flow rate at the outlet, thereby counterac.ng the pressure and flow rate changes 

induced by calcifica.on alone.  

 

In Figure 9, we see that Ds and Dm both decrease as a increases for fixed l. These results are 

consistent with physical intui.on. The terminal pressure in Figure 4 is pinned at P0 = 0 and when 

a increases, the mean inlet pressure also increases, resul.ng in an increase in the mean of Pin(t) 

– P0. The enhanced pressure drop must occur over both the main artery and the peripheral 

resistance so Pin – P(L,t) would increase. A greater pressure drop induces a larger mean flow as 

shown in Figure 9(c). Overall, increasing the pressure throughout the artery enhances the 

pressure drop across the artery and augments the mean flow. 

 

Discussion 

 

Our simula.ons reveal that because calcified arteries are s.ffer than healthy arteries, they 

expand less and present a smaller cross-sec.onal lumen area when subjected to the same 

internal pressure. MAC reduces the func.onal (pressurized) lumen area, increasing the 



impedance of the vessel. Therefore, calcified arteries present a lower flow rate for a given 

pressure difference than a healthy artery with the same unpressurized dimensions. As a result, 

transport of oxygenated blood into the peripheral circula.on is reduced, likely contribu.ng to 

decreased oxygen supply into the dependent peripheral .ssues. Theore.cally, calcifica.on could 

be detected by monitoring changes in systolic intraarterial pressure along the artery in ques.on. 

Our computa.ons support previous empirical observa.ons on flow reduc.on in calcified 

arteries (Jinnouchi, et al. 2021, Lanzer, et al. 2021) 

 

However, in prac.ce, MAC is o3en accompanied by progressive, diffuse oblitera.on of 

peripheral microcircula.on, and an enlargement of the unpressurized lumen. Our simula.ons 

suggest that both effects increase the systolic pressure at the arterial outlet, thereby opposing 

the changes caused purely by calcifica.on. In other words, increased peripheral resistance and 

posi.ve remodeling can obscure the signature of calcified arteries, making it difficult to detect 

purely by intraarterial pressure measurements. We also studied the behavior of the flow rate. 

Calcifica.on and oblitera.on of the microcircula.on, common consequences of MAC, both 

reduce the flow rate while luminal enlargement and elevated blood pressure, common 

consequences of aging, increase it. The effects of increasing s.ffness, arteriole closures, posi.ve 

remodeling, and increasing inlet pressure are summarized in Table 3. Note that outlet systolic 

pressure increases with a even though Figure 9(c) shows that Dm decreases with a. There is no 

contradic.on since the inlet pressure increases more quickly compared to the outlet pressure. 

 

A robust feature of our simula.ons is that as arteries become s.ffer, they synchronize their inlet 

and outlet flow rates as shown in Figure 5(h). Severely calcified arteries behave like s.ff tubes 

that barely deform in response to physiological pressures. For infinitely s.ff tubes, conserva.on 

of mass dictates that the flow rate at x=0 must exactly equal the flow rate at x=L. 

 

Surprisingly, we find that a thickening of the arterial wall does not greatly impact the 

haemodynamics. When we increased the wall thickness by 20%, the pressure-area rela.onship 

and the resul.ng haemodynamics were not substan.ally affected. To see significant differences 



in the pressure-area curve over the range 0 – 200 mmHg, we found that the wall thickness had 

to be increased by about 100% or more, i.e. its thickness had to at least double. 

 

The qualita.ve behavior of the haemodynamics can also be understood by using a voltage 

divider analogy from electrical circuits. While the analogy is only valid for the linearized form of 

eqs. (1)-(3), it provides a quick and intui.ve understanding of our results. The main artery and 

the peripheral microcircula.on can be represented using two impedance components in series 

with complex impedances Z1 and Z2 respec.vely. Two physiological changes are apparent as 

MAC develops in an artery: vessel s.ffening and a progressive shutdown of arterioles in the 

periphery. Both processes increase the associated impedance, with the outlet pressure (Pout) 

and flow rate (Q) determined by 

 

𝑃>?@ = 𝑅𝑒 y
𝑃AB	𝑍-
𝑍. + 𝑍-

+
𝑃#	𝑍.
𝑍. + 𝑍-

{ , (11) 

 

𝑄 = 𝑅𝑒 y
(𝑃AB −	𝑃#)
𝑍. + 𝑍-

{ , (12) 

 

where Re[.] denotes the real part of a complex number, Pin is the inlet pressure, and P0 is the 

terminal pressure. By eq. (11), if the artery s.ffens without an increase in peripheral resistance, 

Z1 increases while Z2 remains constant, driving Pout closer to P0. If the peripheral resistance 

increases without an increase in s.ffness, Z2 increases while Z1 remains constant, driving Pout 

closer to Pin.  

 

In eq. (12), any increase in Z1 or Z2 decreases the flow rate Q. Unlike pressure, for the flow rate, 

the impedances do not compete against each other. Instead, any increase in peripheral 

resistance or arterial s.ffness decreases the mean flow rate. This was evident from Figure 6(c, 

d): the ouSlow decreases when more arterioles close off or when the main vessel becomes 

more calcified. Although the expressions for Pout and Q in (11) and (12) are underpinned by a 



linear pressure/flow-rate response, they qualita.vely agree with our fully nonlinear 

haemodynamics simula.ons. 

 

It has been reported that calcified arteries have a smaller opening angle than healthy arteries 

(Kamenskiy, et al. 2018). Our simula.ons do not account for arterial opening angles since the 

arteries are always stress-free when p=0. Nevertheless, they already illustrate significant 

hemodynamical differences between healthy vs calcified arteries. When calcified arteries and 

healthy arteries have different opening angles, the stress distribu.ons within their walls will be 

different, and their mechanical responses will also be different. How these changes 

subsequently modify the haemodynamics remains an important open ques.on. 

 

Our simula.ons describe how haemodynamics in the femoral artery is affected when it calcifies, 

in the absence of in.mal hyperplasia or atherosclerosis. When atherosclerosis and MAC interact 

with each other, their joint effect on the haemodynamics is complex. Our model has neglected 

growth in the in.ma, focusing instead on remodeling in the media. Furthermore, we have 

treated the arterial wall as spa.ally homogeneous when in fact the in.ma, media, and 

adven..a have dis.nct mechanical proper.es (Fok and Gou, 2020; Fok, 2016). Growth in the 

in.ma can increase or decrease the lumen area (Mohammad Mirzaei and Fok 2020, Glagov, et 

al. 1987) as well as change the mechanical proper.es of the arterial wall. Future work should 

focus on modeling in.mal thickening, media remodeling, and calcifica.on using a mul.-layered 

approach (Fok, 2016). To achieve a more complete understanding of MAC, one must address 

their combined effects on the mechanical response of the artery and the local haemodynamics. 

 

The ankle-brachial index (ABI) - calculated as the ra.o of the systolic pressure in the ankle to the 

systolic pressure in the arm - is o3en used to classify pa.ents as either having MAC (ABI > 1.4) 

or not (ABI < 1.4); the cut-off value of 1.4 is an interna.onally recognized marker (Marius, et al. 

2014, Aboyans, et al. 2012). When using a pressure cuff to measure ABI, the systolic pressure is 

measured as the minimum pressure required to close the artery and shut down bloodflow. 

However, a greater pressure is required to close a calcified artery in the leg: as a result, the cuff 



pressure will exceed the actual intraarterial pressure if measured in the calcified arteries. The 

enhanced closing pressure arises because of the mechanical proper.es of a s.ffer artery rather 

than an elevated systolic pressure. In fact, our simula.ons indicate that the outlet systolic 

pressure in a calcified femoral artery should not be elevated but reduced. 

 

Currently, this hypothesis has not been tested in the clinical sepng. However, we have taken 

blood pressure readings in a small (30) cohort of pa.ents using an arteriograph (Tensiomed, 

Budapest, Hungary). The device measures the brachial pressure and infers the central pressure. 

We found that pa.ents with ABI > 1.4 were more likely (14 out of 21 pa.ents) to have a central 

systolic pressure that exceeded brachial systolic pressure than pa.ents with ABI < 1.4 (5 out of 9 

pa.ents). However, these results are only weakly related to our hypothesis because an elevated 

ABI is an indicator of calcifica.on in the arteries of the lower extremi0es and assumes that 

brachial arterial calcifica.on is negligible. 
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Appendix 

 

Characteris0c form of Governing Equa0ons 



Hyperbolic par.al differen.al equa.ons (PDEs) are conveniently expressed in characteris.c 

form which illustrates the propaga.on of forward (Wf) and backward (Wb) traveling waves. In 

terms of characteris.c variables, eqs. (1) and (2) become 

 

𝜕𝑊)

𝜕𝑡 + (𝑢 + 𝑐)
𝜕𝑊)

𝜕𝑥 = 𝐻(𝑥) + (𝑢 + 𝑐)
𝜕𝑊)

𝜕𝐵#
𝐵#* (𝑥) 

𝜕𝑊(

𝜕𝑡 + (𝑢 − 𝑐)
𝜕𝑊(

𝜕𝑥 = 𝐻(𝑥) + (𝑢 − 𝑐)
𝜕𝑊)

𝜕𝐵#
𝐵#* (𝑥) 

 

where c is the wave speed, defined as 

𝑐(𝐴, 𝐵#) = ~
𝐴
𝜌
𝜕𝑓
𝜕𝐴 

 

𝐻(𝑥) = −
1
𝜌
𝜕𝑓
𝜕𝐵#

𝐵#* (𝑥), 

 

and f(A,B0) is the pressure-area tube law from eq. (3). The forward and backward characteris.c 

variables are related to the physical variables u (velocity) and A (lumen area) through 

 

𝑊) = 𝑢 + 𝜈(𝐴, 𝐵#) 

𝑊( = 𝑢	 − 𝜈(𝐴, 𝐵#) 

 

with n defined by eq. (8). 

 

Hyperelas0c Modeling – Deriva0on of Tube Law 

The map from the stress-free reference configura.on to the pressurized state is given by r = r(S), 

with S1 < S < S2 where S1 and S2 are the inner and outer radii of the reference annulus. The 

hyperelas.c energy density is 

 



𝑊 =
𝜇
2
(𝐼. − 3) +

𝑘.
2	𝑘-

�(𝑒/"0#" − 1)
-

'C.

 

 

where I1 is the first invariant of the Cauchy-Green tensor (see below), 𝜇, k1 and k2 are strain 

energy coefficients and En is a strain-like quan.ty that depends on fibre dispersion; the 

mathema.cal defini.on of En can be found in (Jadidi, et al. 2021). The Cauchy stress T can be 

derived from the hyperelas.c energy W through the rela.on 

 

𝑻 = −𝛾𝑰	 + 	2𝑭	
𝜕𝑊
𝜕𝑪 𝑭

;  

 

where 𝛾 is a Lagrange mul.plier that enforces incompressibility, F = diag(r’(S),r/S,1) is the 

deforma.on gradient, C=FTF is the Cauchy-Green tensor, and I is the iden.ty tensor. Neglec.ng 

wall iner.a (Formaggia, Lamponi and Quarteroni 2003), T = diag(𝑇DD , 𝑇EE , 𝑇FF) sa.sfies ∇ ∙ 𝑻 =

0. Assuming that the outer boundary is trac.on-free, and the lumen pressure is P, we have the 

boundary condi.ons 𝑇DD(𝑆 = 𝑆.) = −𝑃 and 𝑇DD(𝑆 = 𝑆-) 	= 	0. This leads to 

 

𝑃 = −F (𝑇DD 	− 	𝑇EE) ×
𝑟′(𝑆)
𝑟(𝑆) 𝑑𝑆

G"

G$
≡ 𝑓(𝐴, 𝐵#) 

 

which results in eq. (9) when wriXen out in full. 

 

 

 

 

 

 

 

 

 



 

 

 

 
Figure 1: Le+ - Pa/ents with diabetes or atherosclerosis o+en have MAC. A decreased flow rate leads to lack of oxygen perfusion 

in surrounding /ssues leading to ischemia and necrosis. Right – High fidelity pressure measurements at mid-brachial (Pa) and 

distal ulnar (Pd) arteries for a pa/ent with MAC, demonstra/ng a drop in systolic pressure. The Frac/onal Flow Reserve (FFR) = 

0.91 is diminished due to MAC, despite the lack of atherosclero/c lesions. Taken from (Lanzer, et al. 2021) 

 

 

 

 
 

Figure 2: (a) An old, calcified artery suffers a drop in systolic pressure across the artery so that Pa/Pd > 1. (b) A young, healthy 

artery usually presents an increase in systolic pressure so that Pa/Pd < 1.  

obstruction. The most common obstructive lesion was
a combination of intimal thickening, advanced MAC,
and thrombosis that was striking “for the relatively
small size of the metatarsal arteries” (78).

HEMODYNAMIC IMPAIRMENTS

MAC causes arterial wall stiffening, which is associ-
ated with fundamental changes in central hemody-
namics: impaired windkessel function, increase in
left ventricular afterload, decrease in coronary artery
perfusion, and increase in blood flow pulsatility
(1,79,80). The limited studies of hemodynamics in
peripheral arteries of patients with MAC revealed
marked impairments suggestive of peripheral shunt-
ing (81).

On the basis of our preliminary observations in
patients with CLTI, following vasodilatation,

advanced MAC appears to cause an accentuated fall in
mean and diastolic arterial pressures. These data
appear to suggest a decrease in the driving force
resulting from the arterial wall rigidity and pathologic
peripheral vasodilatation (Figures 3A to 3C) (Lanzer
et al, unpublished data, 2020). These early data seem
to corroborate the clinical observations in patients
with CLTI secondary to MAC resulting in severe limb
ischemia (7).

INTERACTIONS WITH ATHEROSCLEROSIS

The exact nature of interactions between MAC and
atherosclerosis appears to be predominantly biome-
chanical. In healthy media, when atheroma develops,
the luminal area is initially maintained by circum-
ferential expansion (82). It is thought that this
compensatory stage lasts until the vessel’s cross-

FIGURE 3 MAC and Hemodynamics

Male patient with diabetes mellitus and gangrene of the right middle finger and x-ray angiography demonstrating advanced medial arterial
calcification (MAC) without evidence of stenotic lesions of the right upper extremity arteries. (A) High-fidelity blood pressure recordings at
the level of the mid brachial (Pa) and distal ulnar (Pd) arteries demonstrated a Pd/Pa ratio of 0.91 at baseline, (B) a Pd/Pa ratio of 0.80
following intravenous (140 mg/kg/min systemic infusion) and intra-arterial (150-mg) bolus administration of adenosine, and (C) a Pd/Pa ratio
of 0.76 following intra-arterial nitroglycerin (300 mg). The disproportional decrease in the distal diastolic pressures following vasodilatation
appears to suggest marked microvascular dysfunction. A hemodynamically significant lesion proximal to the target territory has been
excluded by x-ray angiography. FFR ¼ fractional flow reserve.
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Figure 3: (a) Hyperelas/c modeling of healthy and calcified arteries. The lumen areas are B0 in the stress-free state and expand 

to A under a pressure p>0. Area and pressure are related through a “tube law” p = f(A,B0) as given by eq. (3). The law includes 

the effect of two families of collagen fibres embedded in the arterial wall (not shown). (b) Area-pressure curves for healthy and 

calcified vessels. Unpressurized dimensions were taken from (Jadidi, et al. 2021). 

 

 
 

Figure 4: Main variables, parameters, and boundary condi/ons for hemodynamic simula/on in a femoral-popliteal artery. At the 

inflow x=0, the pressure Pin(t) is prescribed. Windkessel elements simulate a post-arterial circula/on with N arterioles which 

gives rise to boundary condi/ons at x=L. The pressures P0, Pb and flow rate Q(L,t) evolve in /me through equa/ons (5)-(7). In a 

healthy microcircula/on, R1 = RT and C1 = CT. Obstruc/on of j daughter arterioles in the peripheral circula/on results in modified 

Windkessel parameters R1 = RT/(1-s) and C1 = CT(1-s) where s = j/N. 
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Figure 5: Simulated flow profiles for a healthy ((a), (e), (i)), mildly calcified ((b), (f), j)), moderately calcified ((c), (g), (k)), and 

severely calcified ((d), (h), (i)) femoral-popliteal arteries. Pressure inlet condi/ons and peripheral resistances/capacitances were 
iden/cal for each case (see Table 2). 

 

 
Figure 6: Key hemodynamic quan//es as func/ons of l (degree of calcifica/on) and s (frac/on of closed arterioles). (a) Systolic 
pressure difference (see eq. (11) for defini/on), (b) Mean pressure difference (see eq. (12) for defini/on), (c) Maximum flow rate 

at arterial outlet, (d) Mean flow rate at arterial outlet, (e) Mean lumen area at inlet, (f) Mean lumen area at outlet. In (a), 3 
different calcifica/on-closure pathways are indicated. 



 

 

 

 
Figure 7: Effect of wall thickening and lumen enlargement on pressure profiles in healthy and calcified arteries. h is the wall 
thickness, Ra is the unpressurized inlet radius, and Rb = z ×Ra is the unpressurized outlet radius where z = 0.75 is the tapering 
factor. Top row corresponds to a healthy artery (l=0) while bokom row corresponds to a calcified artery (l=1). Solid lines 
correspond to non-remodeled arteries in (a, d) while dashed lines correspond to remodeled arteries in (b, e). (a) and (d) Inlet and 
outlet pressures for Ra = 0.15 cm, Rb = 0.1125 cm and h = 0.074 cm. (b) and (e) Inlet and outlet pressures for Ra = 0.17 cm, Rb = 
0.1275 cm and h = 0.074 cm. (c) and (f) Pressure-Area curves at the inlet (blue, x=0) and outlet (red, x=L). 

 

 
Figure 8: Key hemodynamic quan//es as func/ons of degree of calcifica/on l and unpressurized lumen radius Ra with s = 0.3 
and a = 1. (a) Change in systolic pressure across artery, Ds as defined by eq. (11). (b) Change in mean pressure across artery, Dm 
as defined by eq. (12). (c) Time-averaged flow rate at outlet. 

 



 

 
Figure 9: Key hemodynamic quan//es as func/ons of degree of calcifica/on l and pressure amplifica/on factor b with s = 0.3 
and Ra = 0.15 cm. (a) Change in systolic pressure across artery, D as defined by eq. (11). (b) Change in mean pressure across 
artery: a nega/ve value indicates a pressure drop going from inlet to outlet. (c) Mean flow rate at outlet. 

 
 
Table 1: Mechanical parameters for a healthy and calcified artery. Taken from Pa/ents 2 and 14 of (Jadidi, et al. 2021). 

 Symbol Meaning Value 

Healthy 

Artery 

kip,H Fibre dispersion 

parameter 

0.12 

kop,H Fibre dispersion 

parameter 

0.39 

fH Fibre angle 49o 

µH Strain energy 

coefficient 

114.6 mmHg 

k1,H Strain energy 

coefficient 

86.9 mmHg 

k2,H Strain energy 

coefficient 

3.54 mmHg 

Calcified 

Artery 

kip,C Fibre dispersion 

parameter 

0.13 

kop,C Fibre dispersion 

parameter 

0.47 

fC Fibre angle 44o 



µC Strain energy 

coefficient 

894.4 mmHg 

k1,C Strain energy 

coefficient 

649.9 mmHg 

k2,C Strain energy 

coefficient 

171.23 mmHg 

 

 

 

Table 2: Geometric and hemodynamical parameters for 1D blood flow simula/on. 

Symbol Meaning Value 

L Length of artery 40 cm 

R0 Resistance in Windkessel element 1.05 mmHg s/cm3 

RT Resistance in Windkessel element  3.02 mmHg s/cm3 

CT Capacitance in Windkessel element 0.03 cm3/mmHg 

Pext Hydrosta.c blood pressure at t=0 65.5 mmHg 

P0 Terminal pressure for arterioles 0 mmHg 

h Arterial wall thickness (unpressurized) 0.074 cm 

r Density of blood 7.5 ×	10-4 mmHg s2/cm2 

Ra Arterial radius (unpressurized) 0.15 cm 

𝜁 Tapering factor 0.75 

b Amplifica.on factor for inlet pressure 1 – 1.6 

 

Table 3: Effect of calcifica/on (l), arteriole closures (s), posi/ve remodeling (Ra) and mean arterial pressure (b) on outlet systolic 
pressure and mean flow rate. 

 Increasing 
Calcifica.on 

More arteriole 
closures 

Posi.ve 
remodeling 

Increasing mean 
pressure 

Outlet Systolic 
Pressure 

Decreases Increases Increases Increases 

Mean Flow Rate Decreases Decreases Increases Increases 
 



 
 


