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Online 3

Let a # 0. Show that a x b=a x c and a-b = a - c implies that b = c.

sol.

(i) From No. 4 of Theorem 11 of Section 12.4 (p. 812), we know that
axb=axc=ax(b—-c)=0.

Let 6 be the angle between a and b — ¢ such that 0 < 0 < 7.
Then Theorem 9 (p. 810) gives

la|[b — c|sinf = 0.

If b—c # 0 (i.e. b # c), then the above equation implies that a and b — ¢ are
parallel by Corollary 10 (p. 811).

(ii) From No. 3 of Theorem 2 of Section 12.3 (p. 801), we know that
a-b=a-c=a-(b—c)=0.
Then Theorem 3 (p. 801) gives
la||b — c|cosf = 0.
This implies that a and b — ¢ are orthogonal by Corollary 7 (p. 803).

Clearly, it is impossible that two nonzero vectors are both parallel and orthogonal.
Since a # 0, b — ¢ must be 0. Thus, b = c.

Note:
e Some students apply Theorem 9 (p. 810) and Theorem 3 (p. 801) directly:
ax b =axc= |a||b|sinf; = |a|c]|sin by, (1)
and
a-b=a-c= |a||b|cost, = |a||c|cos by, (2)

where 6, (resp. 03) is the angle between a and b (resp. ¢). 0 < 6; < 7 and
0 < 6y <. Then argue that (1) = (2): tanf; = tanfy =—> 6 = 0. Be careful that
you should first assume that |b|, |c|, cos#; and cos s are nonzero before you divide
(1) by (2). After that, you should discuss the case when those are zero since we are
asking for a general case.
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Show that
ux (vxw)=(u-w)jv—(u-v)w

for all vectors u, v and w.
sol.
Let u = (uq,ug, u3), v = (v1,v2,v3), and w = (wy, we, ws3).

Then,
ux (vxw)=
u X (VW3 — V3We, V3w — VW3, V1 Wy — VoW )
= (UQ(U1U)2 - U2w1) - U3(Usw1 - U1w3)7
ug(vows — v3wg) — ug(ViwWy — Vowy),
U1(U3w1 - Ulw3) - Uz(U2w3 - U3w2)>
( Ugwy + uzws)vr — (Ugvs + Uzvz)w — UrVIW + ULVIWY,
Urwy + uzws)va — (U1v1 + uzvz)wa — UaWy + UgV2W2,

U1W -+ UoWo + U,3”LU3)1)1 — (ul’Ul + HX%) + U3’U3)w1,

(

(
(
(urwy + upwz)v3 — (U1vy + Ugva)ws — uzvzws + U3U3w3>
(
(u1wy + ugwe + uzwsz)vy — (U + UgVe + UzV3)Wa,

(

ULW1 + UsWoy + Ugw;v,)’l)g — (U1U1 + UoVy + Ug?)g)w;g)

=(u-w)v—(u-v)w.
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The hyperbola c?y? — b?2% — b?c? = 0 is revolved about the z-axis. Find an equation
for the resulting surface. Is it a quadratic surface? If yes, which one; if no, why not?

sol.

Divide c?y? — b?22 — b?c? = 0 by b*c*:

y2 22

b2 2

This is a hyperbola according to p. 674.

z

Radius= y

X

When we revolve the hyperbola about the z-axis, the horizontal traces (parallel to the

xy-plane) are circles:
2’ +y? =12

Moreover, the radius r is determine by the y component on the hyperbola:

y2 22

b2 2
b2 22
> y2 = bZ + 7

Therefore, the equation of the resulting surface is

b2 52 22 g 22
2, .2 .2 32 _
Yyt =r —b—l—c2 :>b—2+b—2—§—1 (3)
By comparing (3) with the equations on Table 1 of Section 12.6 (p. 830), we conclude

that this is a hyperboloid of one sheet.
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