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Abstract

A sliding window filter (SWF) is an appealing smoothing algorithm for nonlinear estimation problems
such as simultaneous localization and mapping (SLAM), since it is resource-adaptive by controlling the
size of the sliding window, and can better address the nonlinearity of the problem by relinearizing
available measurements. However, due to the marginalization employed to discard old states from the
sliding window, the standard SWF has different parameter observability properties from the optimal
batch maximum-a-posterior (MAP) estimator, i.e., the nullspace of the Fisher information matrix (or
Hessian) has lower dimension than that of the batch MAP estimator. This implies that the standard
SWEF acquires spurious information from the available measurements, which can lead to inconsistency.
To avoid influx of such nonexistent information, we propose an observability-constrained (OC)-SWF, in
which the linearization points for computing Hessian are selected to ensure the correct dimension of the
nullspace of the Hessian while minimizing the linearization errors.

1 Introduction and Related Work

Among the existing approaches for robot localization, the extended Kalman filter (EKF) is one of the
most popular methods. This is primarily due to its ease of implementation and relatively low processing
requirements. However, the EKF, as well as any linearization-based filtering approach, may suffer from the
accumulation of linearization errors. This is because once linearization points are selected at a given time
step for computing the filter Jacobians, they cannot be updated at later times, when more measurements
become available for improving them. In contrast, a batch maximum a posteriori (MAP) estimator [1] can
improve the estimation accuracy by computing consistent state estimates for all time steps based on all
available measurements. Under a Gaussian prior and measurement noise assumption (which is common in
practice), finding the MAP estimates requires solving a nonlinear least-squares problem (see Section 2), whose
counterpart in computer vision is known as bundle adjustment [2]. A variety of iterative algorithms have
been employed for this problem. For example, the square-root smoothing and mapping (SAM) method [3]
solves the SLAM problem efficiently by using variable reordering, a well-known technique for sparse linear
systems. However, since the size of the state vector in the batch-MAP estimator increases continuously
over time, the processing and memory requirements become too high for real-time operation in large-scale
problems (e.g., a robot exploring a large environment with millions of landmarks).

To overcome this limitation, a sliding window filter (SWF) [4] (also called a fixed-lag smoother (FLS) [5-
7]) can be used to estimate the states over a sliding time window at a fixed computational cost. The SWF
concurrently processes all the measurement constraints between states in the window, and better addresses
the nonlinearity of the problem by iteratively relinearizing the process and measurement equations. This
approach is resource-adaptive: depending on the available computational resources, it can scale from the
iterated EKF solution if only a single time step is maintained, to the optimal batch-MAP solution if the
sliding window spans the entire time horizon.

The key characteristic of the SWF is the marginalization of old states from the sliding window, a process
that appropriately models the uncertainty of these states [2,4,6]. However, due to marginalization, different



estimates of the same states are used as linearization points in computing the Hessian matrix during estima-
tion (see [7]). This results in different parameter observability properties [8] as compared to the batch-MAP
estimator. Specifically, the Hessian (Fisher information matrix) of the standard SWF has a nullspace of
lower dimension than that of the batch-MAP estimator. This implies that the estimator erroneously believes
it has information along more directions of the state space than those contained in the measurements. This
leads to inconsistent estimates, i.e., estimates whose accuracy is worse than the one reported by the estima-
tor. This inconsistency is a serious problem, since when an estimator is inconsistent, the accuracy of the
produced estimates is unknown, which in turn makes the estimator unreliable [8].

In order to improve the consistency and accuracy of the SWF, in this paper we propose an observability-
constrained (OC)-SWF as a general smoothing framework. In particular, we postulate that by ensuring the
Hessian matrix has a nullspace of appropriate dimension, we can avoid the influx of spurious information in
the unobservable directions of the parameter (state) space, thus improving the consistency of the estimates.
Based on this, we develop an OC-SWF which extends the observability-based methodology for designing
consistent EKFs [9]. The key idea behind our approach is to select the linearization points for computing
the Jacobians, and hence the Hessian, so as to ensure that its nullspace dimension does not arbitrarily
decrease.

It should be pointed out that a prior-linearization (PL)-SWF for motion estimation was proposed in [7].
In particular, the PL-SWF computes the Hessian using the prior, instead of the current, estimates, for the
states connected via measurements to marginalized states. This ensures the same estimates for the same
states are used, and the appropriate dimension of the Hessian’s nullspace is preserved. However, if the prior
estimates are inaccurate, the linearization errors will be large and may degrade the estimator’s performance.
In contrast, the proposed OC-SWF selects optimal linearization points for computing the Hessian, in the
sense that they not only ensure the correct dimension for the nullspace of the Hessian, but also minimize
the linearization errors. We stress that apart from the SLAM problem treated in this paper, the proposed
OC-SWF is applicable to a large class of nonlinear estimation problems in robotics and computer vision,
such as visual odometry [10] and vision-aided inertial navigation [11].

2 Problem Formulation

Consider the batch least squares formulation of SLAM [3] where we aim at estimating the entire robot
trajectory up to current time step and all the landmarks observed so far. So the state vector is given by:

(1)

where xp, = [p%k or,]T denotes the robot pose, and pz, is the i-th landmark position. In the following,
we start by presenting the generalized robot motion model and sensor measurement model that will be used
throughout the paper.

Consider a robot equipped with an odometry sensor moving on a plane. The odometry serves as the
control input to propagate the robot pose, according to the following motion model:

T T

_ [xT T T 1T
Xok = [XR, Xp, 0 Xm,  PL, -+ PL,]

PR, = PR,_, T C(¢Rk—1) Rkilka (2)
PR, = PR, + Rk71¢Rk (3)
where C(-) denotes the 2 x 2 rotation matrix, and u,_y = f-1xp, = [F=1pf  Fr-19p |7 is the true

odometry (control input), i.e., the robot’s motion between time-steps k — 1 and k, expressed with respect to
the robot’s frame at time-step k£ — 1, {Rx_1}. The corresponding odometry measurement, u,,, _,, is assumed
to be corrupted by zero-mean, white Gaussian noise, Wy_1 = Ux—1 — Up,_,, with covariance Q_;. This
motion model is described by the following generic nonlinear function:

g(X0?k7 uk—l) = XR, — f(ka—l y Umy,_y +Wk—1) =0 (4)

To employ a batch-MAP estimator, it is necessary to linearize (4) and compute the Jacobians with respect
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to the state vector (1) and the noise, respectively, i.e.,

0
(I)k_léaxfk{* 0}:[03><3 oo ®p,, I3 03yxp -+ Ogxo (5)
: X0k
G B[O o .
8Wk71 {x§.,0} L 01x2 1
with
N 7
B 101x2 1

where x7., denotes the linearization point for the state (1), while a zero vector is used as the linearization
(1) _01] Clearly, the values of the Jacobian matrices depend on the choice of
linearization points, which is the key fact our approach relies on. Note also that the form of the motion model
presented above is general, and holds for any robot kinematic model (e.g., unicycle, bicycle, or Ackerman
model) [9].

During SLAM, the robot-to-landmark measurements are a function of the relative position of the observed
landmark with respect to the robot:

point for the noise, and J =

zij = hyj(Xok) + vij = h (VpL,) + vy (8)

where ®ipr, = CT(¢g,)(PL, — Pr,) is the position of the i-th landmark with respect to the robot at time-
step j, and v;; is zero-mean Gaussian measurement noise with covariance R;;. In this work, we allow h(-)
to be any measurement function (e.g., a direct measurement of relative position, a pair of range and bearing
measurements, bearing-only measurements, etc.). In general, the measurement function is nonlinear, and its
Jacobian matrix is given by:

Oh. -
H, £ L -0 --- H». 0 --- H. 0 --- 0
T Oxou x40} : o h ) ®)
with
Hp, = (Vh;)C'(¢f,) [-T2 —I(PL, — Pk,)] (10)
Hr, = (Vhy;)C™( &, ) (11)

where Hg,, and Hy,; are the Jacobians with respect to the robot pose at time-step j and the i-th landmark
position, respectively, and Vh;; denotes the Jacobian of h;; with respect to the robot-relative landmark
position, fipy,, evaluated at the linearization point, X3 4o

2.1 Batch MAP Estimator

The batch-MAP estimator utilizes all the available information to estimate the state vector (1). The infor-
mation used includes: (i) the prior information about the initial state, described by a Gaussian pdf with
mean Xg|o and covariance Py, (ii) the motion information (4), and (iii) the sensor measurements (8). In

particular, the batch-MAP estimator seeks to determine the estimate Xq.;, that maximizes the posterior
pdf:

k
p(xo|Z0k) o p(xro)[ [ p(xmolxR, ) [ PlzislxR,0 PL.) (12)

r=1 Zi; €20k
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where Zj.;, denotes all the available measurements in the time interval [0, k]. For Gaussian and independent
state and measurement noise (see (4), and (8), respectively), this pdf (12) can be written as:

P(X0:1|Z0:1) (13)
1

1 .
UL (b s )
0[0

X

k
1
exp | —=||xx — f(Xk_1, U, 2,
T o IQ’ — exp (=gl = fxen Iy )
1 2
H — eXp <__||Zij Rij)
ZIJGZM«/ (2m) |R 2

where n is the dimension of the prior state xg,, and m = 1 or 2 is the dimension of the measurement z;;. In
the above expression, we have also employed the notations, ||a/|3; £ a’M~'a and Q}, £ G, QG (see (4)).
Thus, the maximization of (13) is equivalent to the minimization of the following cost function:

— h;(x0.1)|

k
o) = g, ~ ol + D gl ~flen s, R+ S gl hyConl,  (14)
k=1 2i;€Z0:k
¢(X0.x) is a nonlinear function, and a standard approach to determine its minimum is to employ Newton-
Raphson iterative minimization [2]. Specifically, at the ¢-th iteration of this method, a correction, 5x((f,)€, to
the current estimate, ig‘f,)cl &
cost function which is given by:

is computed by minimizing the second-order Taylor-series approximation of the

14 0Ot 14
e+ 0x) = e(&) ) +bi ox X4+ Lix AW gx0) (15)
where
)
PEVeO)| (16)
{xo;k*xo;k\k}
A AV () (17)
{xo:k*xo:k\k}

are the gradient and Hessian of ¢(-) with respect to xo.x, evaluated at the current state estimate x((f,)q b

We now examine the structure of the Jacobian and Hessian matrices which will be used in the ensuing
analysis. Specifically, at the ¢-th iteration, bl(f) is (see (5) and (9)):

k
¢ —1 (A2 o 0T =t (A ¢ ¢ T ¢
bz(; )= HTPO\(IJ (X%ﬂw _XO\O) + Z‘I);(-;—)l Q. (X%i‘ —f(x gaz yper U ) Z H( ) (Zij h;; (X((J ,)€|k))

k=1 zi; €Z0:k

(18)
where II = [I, 0 --- 0] and again n = dim(xg,). On the other hand, the Hessian matrix, Al(f), is

approximated in the Gauss-Newton method by (see (5) and (9)):

k
or ‘ ‘ T ‘
AY =n'pin+ Y el el + Y HY R;HY (19)
k=1 2i; € Z0:k

which is a good approximation for small-residual problems [2]. Due to the sparse structure of the matrices
Hgf) and @) (see (5) and (9)), the matrix Al(f) is also sparse, which can be exploited to speed-up the solution

of the linear system in (20) [2]. The value 5)(((){,)C that minimizes (15) is found by solving the following linear
system:

4 4 4
AL, = b 20)
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Once 6x§f,)c is found, the new state estimate is computed as:

L (+1) () (€)

Xo:klk = Xo:ke T 0%, (21)
Given an initial estimate 5(((3(;)1)9\19 that resides within the attraction basin of the global optimum, this iterative
algorithm will compute the global minimum (i.e., MAP estimate) for the entire state given all measurements
up to time-step k.

2.2 Standard Sliding-Window Filter

As the robot continuously moves and observes new landmarks, the size of the state vector xg. in the
batch MAP estimator constantly increases (linearly in time). Clearly, this is not always suitable for real-
time operations. To reduce the computational cost of the batch MAP estimator, the SWF employs a
marginalization process to optimally discard old, matured states and thus only maintains a constant-size
window of states. In what follows, we present the detailed derivations of the standard SWF that forms the
basis for our proposed approach. Note that similar derivations can also be found int [7].
In particular, suppose that during the time interval [0, k], all available measurements are collected, and
a batch MAP estimation is carried out at time-step k. Some notations are first explained: The old states:
T
T T T
XM £ |:XR0:771 pLMl pLAImj|
that are the states to be marginalized out. Note that it is not necessary to sequentially marginalize out the
old robot poses xp,.,,, instead we can choose and discard the most matured ones. The remaining states:
T
T T T
XR £ |:XRm+1:k pLRl e pLRT:|
that remain active in the sliding window. Upon marginalization, all the states in xpg, as well as all the
measurements that involve these states (denoted by Zj/) are discarded. Then, as the robot keeps moving and

the sensor continuously collects new measurements in the time interval [k, k'], the state vector is augmented
by the new robot states and the new observed landmarks,

T T

A | T T
XN = |:XRk+1:k’ PLy, PLx,

Thus, at time-step k', the sliding window contains the states xg and xn. In particular, the batch MAP
estimate (i.e., without marginalization) is computed by minimizing a cost function similar to (14):

c(X0:kr) = (XM, XR, XN) = Cm (XM, XR) + Cn(XR, XN) (22)

where we have decomposed the cost function into two terms: ¢, (xn,xr) that contains all quadratic terms
that involve states in xpp only, as well as terms involving one state in xp and one in xg; and ¢, (xR, XN)
that contains all quadratic terms that involve states in xg only, states in xn only, or terms involving one
state in xg and one in xN. It is important to note that, no quadratic terms jointly involving states in xn
and xpp exist, since the states marginalized at time-step k do not participate in any measurement after that
time.! Thus, we have:

min  ¢(XM, XR,XN) = min (min c(xM,xR,XN)) = min (cn(xR,xN)—l—min cm(xM,xR)> (23)
XM, XR,XN XR.XN \ XM XR,XN XM

Now, we solve the minimization of ¢,, (see (14)):

m—+1
1 . 1 1
¢m (XM, XR) :§||X0 — %ojol By, + Z §||z1-j — hyj(x0.0)| |, + Z §||Xn — (1w, )l (24)
k=1

Zij EZMm

1This requires a careful selection of the states to marginalize out, since, otherwise, an approximation will be introduced,
e.g., when a new robot pose in xn measures a discarded landmark in xpg which occurs often in the case of loop closure.

TR-2011-0001 6



Clearly, ¢, contains the quadratic cost terms due to (i) (if available) the prior, (ii) the robot motion
model involving the marginalized states and the states in xg, and (iii) the measurements that involve the
marginalized states. Due to the nonlinearity of the motion and measurement models, the second-order
Taylor-series approximation to ¢, is employed:

- - T A
~ s I T [XM — XMy L Ixm — Xy, XM — XMy
Cm =~ Cm (XM, XR, ) + by, P I LM A, P (25)
XR — XRyy;, 2 [ XR — XRy XR — XRy,

where b,, and A,, are the Jacobian and Hessian matrices of ¢,,, evaluated at the MAP estimates of xpp
and xgr at time-step k (see (18) and (19)), which are the best available estimates since minimization takes
place at time-step k. We note that the following block partitioning of the Jacobian and Hessian matrices of
cm will be useful for ensuing derivations:

b
b =Vigu xgm, 1Cm(: = |, " 26
{xmy, xR, } () [, =nty gl =Ry} |:bmrk:| (26)
A A
Am :v2x X Cm\* = |: ik mrk:| 27
Genayoxry 3 © 1%, =Ry, X, TRRy ) Army, A, 27

where the dimensions of the blocks correspond to the dimensions of xpg and xg, and the subscript k£ denotes
the fact that all quantities in these matrices are evaluated using the state estimates at time-step k. We
note that the cost function in (25) is a quadratic function of xpng, and thus the optimal value of xp can be
attained as:

XM = )A(Mk\k - A;ﬁnk (bmmk + AmTk (XR - )A(Rk\k)) (28)

And substitution in (25) yields the minimum value of ¢,,:

1

min ¢, (Xnm, XR) ~ @ + bgk (XR — XR,,, ) + E(XR - &Rk\k)TApk (XR — %R, ) (29)
XM
where « is a constant independent of xg and xn, and
bpk :mek - Aka A;nink bmmk (30)
Apk :Arm - Armk A:nink Amrk (31)

Thus, with (29) and (23), the minimization of the cost function, ¢(xm, XR, XN ), with respect to the entire
history of states, is approximately equivalent to the minimization of the following cost function:

. 1 . .
C;L(XRaXN) = bgk (xR — XRk\k) + g(XR - XRWC)TA:D;C (xR — XRWC) + (32)
1 G}
Z §||Zij _h(XO:k’)||2Rij + Z §||XH+1 —f(xx, um~)||2Q;
zij€EZA K=m

where all available measurements up to time-step &’ is decomposed into two sets: the active set of measure-
ments whose involved states are all in xg and xn, and the inactive set of measurements at least one of whose
states is marginalized, i.e., Zp.x» = Z4 U Z);. It is important to note that the above cost function does not
depend on xpg. The approximation here lies in the fact that the term ¢,, has been permanently approximated
by the second-order Taylor series approximation of (25). This will introduce small errors in the MAP esti-
mates for xg and xn, but if the marginalized states are old, “mature” ones, with good estimates, the effect
of the approximation will be small. On the other hand, the gain from employing this approximation is that
the marginalized states xpg, as well as all measurements that directly involve them, can be discarded, thus
yielding an algorithm with constant-time and constant-memory requirements. In particular, as proceeding
in the full-state batch MAP, the minimization of ¢}, (xgr,xnN) at time-step k' (see (32)), can be carried out
by the Gauss-Newton method (see Section 2.1).
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Specifically, during the ¢-th iteration, the correction to the active states xgr, XN, is computed by solving

the sparse linear system A (¢ 5x 0 — —b®, where the Jacobian and Hessian matrices are computed by
(see (5) and (9)):

b(g) = szpk + ngAPk (Xg) - iRk\k) +

k/
T .,
> H(g) "(zij — hij(xor)) + > @Y Q! (Xff}rl - f(XEf)’umﬁ)) (33)
zi;€ZA K=m
T K T
¢ Y _
AY = ITA, L+ 30 HJRGHT + 30 @ Qe (31)
zi;€EZA r=m
where IT, = [IT o .- 0] and r = dim(xg). It is very important to note that in the above expressions,

all the involved Jacobians, ®,, and H,,, are evaluated using all the available measurements up to time-step k’.
Compared to the structure of these equations with those of (18) and (19), which correspond to the full-state
batch MAP estimator, it becomes clear that the term A, expresses the prior information about the states
xR, which arises due to the marginalization of xpg at time step k. An important difference of this set of
equations compared to those of (18) and (19) is the fact that in (33), the prior information is expressed with
two terms: in particular, the constant term b, appears in (33), while no such constant term appears in (18)
(put differently, the constant term in (18) is zero). This “extra term” in (33) is a consequence of the fact that
the prior estimate Xg,,, is not the optimal estimate that would arise using the marginalized measurements.
To see why this is the case, we note that the cost function cm in (24) does not have a minimum at &1, , and
XRM .» since its Jacobian, b,,, is generally not zero at XMM , and XRM .- This occurs because the estimates,
XMy, and Xg,,, have been computed using not only the discarded measurements, which define the cost
function ¢,,, but all the available measurements at time-step k.

2.3 Parameter Observability Analysis

In this section, we perform parameter observability analysis [8] for the batch MAP-based SLAM and the
standard SWF-based SLAM, respectively. By comparing their observability properties, we draw conclusions
about the estimator consistency. Note that similar analysis has appeared in [7]. The parameter observability
indicates the amount of information can be acquired from the available measurements, which is encapsulated
by the Fisher information matrix (Hessian). Thus, in the following we will examine the nullspaces of the
Hessian matrices of the batch MAP and standard SWF, respectively. Note that we are interested in the
information contained in the (proprioceptive and exteroceptive) measurements, without considering the prior
(i.e., Po‘o = 0 <& PO\% = O)
In the batch MAP estimator, the Hessian matrix denoted by Ay, at time-step k' is given by (see (19)):

k/
S HLE)RGH(K)+ > HL(K)RGH;(K)+ > L (K)Q (k)  (35)
k=1

zi;€EZM zi;€EZA
which can be further partitioned as follows:

A (K)  Anr (k) 0
Ay = | A (K) A (K)  Ap(K) (36)
0 A (k) Ann(E)

3

Note that all the Jacobians involved in Ay(k’) are computed using the latest state estimates, Xo.p/p. By
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inspection, we can obtain one basis of its right nullspace given by

I Jbr,,
0o 1
1 Jp
mall(Ay(K)) = | P (37)
1 Jpbr,,
1 Jpe,,,, ]

Now let us consider the case of standard SWF-SLAM. We first notice that (34) can be equivalently
re-written as:

A(K)= > HI(R;'H; (k) + > HL(K)R;H;(K)+

zi; €EZM zi;€EZA

m—1 k'

D RL(R)Q R(k) + ) BE(K)Q k(K (38)
k=1 K=m

It is important to note that now all the Jacobians involving the marginalized state are evaluated using the
measurements up to time-step k, i.e., using the state estimates Xq.|, while the Jacobians involving the new
states are computed using the latest estimates Xg.;/|3-. To see the structure more clearly, we can partition
A(K") according to the state partitioning as follows:

(A (k) A (k) O 0 0 0
AK) = | Arm(k) Ap(k) O] +]0 A (K) An(k)
L0 0 0 [0 An(k) An(k)
Ai(k) Az (k)
= | Arm(k)  Arp(k) + Arp(K)  Arn(K') (39)
L0 A, () A (K

It is not difficult to verify that since different estimates, XR,,, and &me are used in computing the Hessian
matrix of the standard SWF, A (k") will have a nullspace of lower dimension than A, (k). This implies that
the standard SWF will acquire spurious information from the available measurements and thus can become
inconsistent.

3 Observability Constrained (OC)-SWF

As seen from the preceding section, due to marginalization, the standard SWF possesses different parameter
observability properties from the batch-MAP estimator, since its Hessian has a nullspace of lower dimension
than that of the batch-MAP estimator. This implies that the standard SWF acquires spurious information
along one direction of the state space (the one corresponding to global orientation), which can lead to
inconsistency. To address this issue, we adopt the idea of observability-based rules for choosing linearization
points that was originally proposed in our previous work [9], and develop a new observability constrained
(OC)-SWF.

The key idea of the proposed approach is that the linearization points used in computing the Hessian
matrix are selected so as to ensure that the Hessian has a nullspace of the same dimension as that of the
batch MAP estimator (see (37)). Different approaches for selecting linearization points are possible to satisfy
this observability condition. For example, the prior-linearization (PL)-SWF proposed in [7] employs a simple
linearization scheme to achieve this goal based on [12]. Specifically, when computing the Hessian, it uses the
prior estimates, Xg (k), instead of the current estimates Xgr(k’), for the states in xg that are connected to
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marginalized states. By doing so, it is guaranteed that the same estimate is used as the linearization point
for each of these states. However, even though the PL-SWF typically performs substantially better than
the standard SWF, the prior estimates Xg (k) used as linearization points could be inaccurate, and thus
can result in large linearization errors, which can degrade the estimator’s performance. Therefore, in the
proposed OC-SWF, we select the linearization points for the states xg and xn (i.e., the states that are still
“active” in the minimization), in a way that not only ensures the correct dimension for the nullspace of the
Hessian matrix, but also minimizes their difference from the current best available estimates (see [9]). This
can be formulated as the following constrained minimization problem:?

min ||xg — &r(K)[]* + [[xx — &n (k)] (40)
X*RoXN
subject to A(K')N(k') =0 (41)

In this formulation, N(k") is a design choice that defines the desired nullspace with correct dimension.
Ideally, we would like to have the same nullspace as (37). However, this is not possible, as in the SWF
some of the old states have been marginalized, and thus we do not maintain estimates for them. We next
describe our choice of estimates used for constructing N (%), and denote these estimates by the symbol -
7. Specifically, during the (¢£+ 1)-th Gauss-Newton iteration, we use the following estimates to construct the
matrix N(k'): (i) For the new states, xn;, as well as those states in xg for which no prior exists, we use the
estimates from the ¢-th iteration, i.e., X; = X;(k’); (ii) For all marginalized states, xn, as well as for states
in xg for which a prior exists, we use the prior estimate, i.e., X; = X;(k). By replacing the pertinent state

estimates in (37) by the estimates selected above, Xg.pr = [)‘(I{/I <L iﬂ} T, we obtain the desired nullspace,

2For the clarity of presentation, hereafter the superscript (¢) is dropped, since, without loss of generality, we consider the
(€ + 1)-th iteration in Gauss-Newton given that the results from the ¢-th iteration are available.
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N(k') = N(Xo:.x ), as follows:

I Jf)Rmk

0 1

I DR,

0 1

I Jf’LMl\k
I Jf)LZ\I |k

0 1
I JﬁLRnll\k
A N, (k
I Jpr,, . N ((k))
N(k/) é ............ — T ; (42)
I Jpr,, . N,.(K')
0 1 N, (k')
I JDR,,
0 1
I JﬁLRnl\k’
I IPL
I IR,
0 1
I JDR,
0 1
I JPLy
|1 JPry, ]

Once the design choice Ny is made, we next introduce a novel approach to find optimal linearization
points in computing Jacobians and thus computing Hessians in Newton-Gauss method, by solving a con-
strained optimization problem. It should be noted that by construction, A;(k)N(k') = 0 (see (39), (37),
and (42)). Thus, the above problem (40)-(41) can be equivalently written as:

min  [Jxg — Xr(K)||* + [[x5 — *n (k)] (43)
subject to Ao(K)N(K) = [ > HT(K)R;'Hy;(K) + Z SL(EHYQ 1 (K) | N(E)=0  (44)
Zi;€EZA
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Now we present an analytical solution to this problem. Specifically, the constraint (44) is equivalent to:

k/
> HLERGHG(H)+ > ®L(H)Q @ () | N(K) =0 (45)
zij€EZA k=k
R HJ
= [~ HL ... & ... &) / CINGE)=0  (46)
Qk ¢k
/ :
- Q] [ P |
= N(k')=0 (47)
P,
[P ]

{HijN(k/) =0, Vz;; € Z4 18)

PN )=0, Ve=m,... . K

Note that the measurement Jacobian, H;;, is spare and only depends on the landmark position and the robot
pose at the time when observing the landmark (see (9)). Z4 only contains the measurements involving the
remaining state xg and the new state xn. So, the above constraints can be written as (without loss of
generality, assuming that the robot observes landmark i at time-step j):

H;;N(k') = 0 (49)
I Jpg,
= (Vhy)C"(¢%,) [Tz —JI(Pi, —Pk,) I |0 1 [ =0 (50)
I Jf)Li
Similarly,
&.N(K') =0 (52)
I Jpr,.
L[ -a(eh-eR) T oollo 1| (53
012 -1 o 1| |1 JPr.
0 1
= p)}%ﬁ - I_DRN + ﬁRR+1 - p%N+1 = O (54)

Therefore, using the results of (51) and (54), the problem (40)-(41) can be simplified as:

*
XRoXN

ot p}‘%ﬁ—I_)RN—I—I_)Rwl—p’;%,ﬁ+1 =0,Ys=m,...,. K
p%j_ﬁRj +ﬁL1_pzl =0 ) vZ’L] S ZA

min |Ixq — %R (K| + [xi — & (K] (55)
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We now derive an analytical solution to the constrained minimization problem (55)-(56). In particular,
the approach of Lagrangian multipliers [13] is employed. The Lagrangian function is constructed as follows:

L= []xg — %R (K| + |lxp — %n (K] (57)
k-1
+ Z NZ (I))]\r%,€ - I_)RN/ + I_)Rm+1 - p;%,wrl)

+ > AL (p}cj —DPr, +DL; — pzi)
(4,9),2i;€EZaA

By setting the derivatives with respect to the state and Lagrangian-multiplier variables equal to zero, we
have:

2(p§%N_I§RN‘k)+H’I€+ Z A'L'K =0 ) lf R =m

0,Zik€EZA

0L Joph, ~Dro) pet X A =0, k= (58)
apEN 1,2in €EZA
2(p}}ﬁ—f)RN‘k)+u,€—u,i,1+ > Ais =0, else
1,2i €EZA
oL .
op* = 2(1’21 _pLi\k)_ Z )‘ij =0 (59)
Li J,zi; EZA
oL _ _
o Pk, — Pr. + PR,y — PR, =0 (60)
oL * = = *
Ey v Pg, —Pr; +PL, =P, =0 (61)
oL N .
o = 2(X5ther — Xother (k) = 0 (62)

where Xother denotes all the state variables except the ones involved in (58)-(61). Solving (58), (59), and (62)
yields the following optimal solutions:

. 1
P =g [t X A @
0,2k EZA
N R 1
PL, =Pry T3 | DY (64)
J:2ij EZA
Xjther = &othcr(k/) (65)
where
TP, if k=m
6”& =N Hr-1 , if K =4k

M — Hk—1 else

Substituting (63)-(65) into (60) and (61) yields the following linear equations in terms of the Lagrangian
multipliers:

Apy + Z ik — Z Ai(rt1) = 2 (IA)R,Wc —DPRr. + PR.y1 — IA)RHWC) (66)
1,2ix€ZA 0, Zi(kt1) EZA
Spte+ > Ain+ Y Aij=2(Pr,, — Pr, +Pr, — DL,,,) (67)

0,2 €EZA J2ij€EZA

TR-2011-0001 13



where

20 — Hr+1 if k=m

2 — M1 if ="~k -1
Apy, = . ,

—Hk-1 if K=k

2/1% — Mr—1 — Hr+1 else

In order to determine the Lagrangian multipliers, p,, and A;;, we stack equations (66)-(67) for all the mea-
surements (constraints) into matrix-vector form and solve the resulting linear system. Once the Lagrangian
multipliers are specified, the optimal linearization points can be obtained based on (63)-(65). Subsequently,
the Jacobian and Hessian matrices are computed using the optimal linearization points, and then the stan-
dard Gauss-Newton steps are carried out (see Section 2.1). It should be pointed out that, as compared to the
standard SWF and the PL-SWF, the OC-SWF only requires an additional computational overhead of lin-
early solving for the Lagrangian multipliers, which in general is cubic in the number of active proprioceptive
and exteroceptive measurements.
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