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Abstract: Column supported embankments (CSEs) are used to overcome common problems associated with the
construction of embankments over soft compressible soils. The use of granular columns as deep foundation elements
for CSEs can be problematic in soft soils due to the lack of adequate lateral confining pressure, particularly in the
upper portion of the column. Using a high-strength geosynthetic for granular column confinement forms geosynthetic
encased columns (GECs); the confinement imposed by the geosynthetic increases the strength of the column, and
also prevents its lateral displacement into the soft surrounding soil. This paper presents the results of finite element
analyses of a hypothetical geosynthetic reinforced column supported embankment (GRCSE) (i.e., a CSE underlain by
geosynthetic reinforcement) that is constructed with GECs as the deep foundation elements. Full three-dimensional
(3-d), 3-d unit cell, and axisymmetric unit cell analyses of the GRCSE were carried out to investigate the validity of the
unit cell concept. The effect of the degree of nodal constraint along the bottom boundary when numerically modeling
GRCSEs was also studied in this paper. Numerical results show that a full 3-d idealization is required to more precisely
determine the tension forces that are produced in the geosynthetic reinforcement that underlies the GRCSE. A number
of design parameters such as the average vertical stresses carried by the GECs, lateral displacement of the GECs, and
the maximum settlement of the soft foundation soil, however, can be successfully calculated using unit cell analyses.
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1 Introduction

When constructing embankments over soft compressible
soils, it is usually necessary to use some form of ground
improvement to overcome common geotechnical engineer-
ing problems in the foundation soil, such as bearing capac-
ity failure, slope instability, lateral spreading, and large
total and/or differential settlements. The use of column
supported embankments (CSEs) offers numerous advan-
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tages over alternative ground improvement techniques in
the realm of embankment construction, including: rela-
tively rapid construction, comparatively small total and
differential settlements, and protection of adjacent facili-
ties (e.g., Collin 2004; Han et al. 2004).

When constructing CSEs, one or more layers of geosyn-
thetic can be placed over the columns/pile caps to form
a geosynthetic reinforced column supported embankment
(GRCSE). The use of this type of geosynthetic “bridging
layer” over the columns and soft soil foundation enhances
the load transfer efficiency from the embankment to the
deep foundation elements and reduces the required area
replacement ratio of the columns (the area replacement
ratio is defined as the ratio of the area of the column to
the total area of the column plus its tributary area) (Law-
son 1992; Russell and Pierpoint 1997; Kempton et al. 1998;
Han and Gabr 2002). In addition to transferring embank-
ment loads to the columns, the use of a geosynthetic re-
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inforcement layer also helps to resist horizontal thrust at
the sides of an embankment, which eliminates the need for
using inclined columns in this area.

In GRCSEs, the columns have the important role of
transferring the surcharge and embankment loads from the
ground surface to a stiffer underlying layer. A wide range
of deep foundation systems (i.e., stiff or non-stiff columns)
can be used in GRCSE construction. In very soft soils,
however, it is well understood that the use of granular
columns can be problematic due to the lack of adequate
lateral confining pressure, particularly in the upper por-
tion of the column. Using a high-strength geosynthetic
for encasement of granular columns increases the strength
of a given column and improves its stress-displacement
response (e.g., Al-Joulani and Bauer 1995; Alexiew et
al. 2005; Murugesan and Rajagopal 2007; Khabbazian et
al. 2009, 2010a, b); the resulting foundation elements are
commonly referred to as geosynthetic encased columns
(GECs).

The field behavior of GRCSEs is truly three-dimensional
(3-d), as each column is not continuous in the out-of-plane
direction (e.g., Kempton et al. 1998; Liu et al. 2007; Huang
et al. 2009; Jenck et al. 2009). The complicated mechanism
of load transfer in GRCSEs combines arching effects, ten-
sion in the geosynthetic reinforcement, and stress concen-
trations (Han and Wayne 2000).

Smith and Filz (2007) performed axisymmetric and 3-d
analyses of GRCSEs. In these analyses the columns were
relatively stiff (e.g., deep-mixed soil-cement) and thus not
encased. Square pile caps topped the columns. Smith
and Filz (2007) stated that 3-d numerical analyses are
necessary to calculate the strains and tensile forces that
develop in orthotropic geosynthetic reinforcement. They
also stated that stress concentrations in the geosynthetic
reinforcement at the corner of a square pile cap can only
be captured through a 3-d numerical analysis.

Some 3-d analyses of GRCSEs and CSEs have been per-
formed to simulate the behavior of a row of columns in the
transverse direction (e.g., Huang et al. 2006, 2009; Liu et
al. 2007; Jenck et al. 2009; Wachman et al. 2010). Three-
dimensional analyses have also been performed to capture
the behavior of a “unit cell” (e.g., Kempton et al. 1998;
Stewart and Filz 2005; Chew et al. 2006). The columns in
these analyses were, however, not encased.

Even though 3-d analyses are most appropriate for the
numerical simulation of GRCSEs and CSEs, the majority
of past numerical models of these geostructures have as-
sumed the solution domain to be two-dimensional (2-d).
These analyses have historically been performed assum-
ing either plane strain (e.g., Jones et al. 1990; Kempton et
al. 1998; Han et al. 2005, 2007; Yan et al. 2006; Oh and Shin
2007; Tan et al. 2008; Huang et al. 2009; Zheng et al. 2009)
or axisymmetric (e.g., Han and Gabr 2002; Vega-Meyer
and Shao 2005; Smith and Filz 2007; Chen et al. 2008; Tan
et al. 2008; Borges et al. 2009; Huang et al. 2009; Zheng et
al. 2009; Plaut and Filz 2010) idealizations.

The concept of a “unit cell” has been the most pop-
ular approach for numerically simulating the response of
CSEs when GECs are used as the deep foundation elements

(e.g., Murugesan and Rajagopal 2006; Malarvizhi and Il-
amparuthi 2007; Park et al. 2007; Almeida et al. 2013; El-
sawy 2013). Yoo and Kim (2009) compared the results of
axisymmetric, 3-d unit cell, and fully 3-d models of CSEs
with GECs, but without geosynthetic reinforcement placed
over the columns. They concluded that the results of 3-d
unit cell analyses were in good agreement with those from
a fully 3-d model; however, axisymmetric modeling tended
to give results that were 10-20% larger than the 3-d mod-
els, particularly for the vertical effective stress and lateral
deformation of the granular columns, as well as for the
strain in the geosynthetic encasement.

A detailed review of available literature has thus re-
vealed that no research has been performed to investigate
the behavior of GRCSEs with GECs, either in a 2-d or 3-d
idealization. Consequently, this paper presents the results
of 2-d and 3-d finite element analyses that were carried out
to study the validity of the unit cell concept in the numer-
ical simulation of GRCSEs that utilize GECs as the deep
foundation elements.

2 Finite Element Modeling

2.1 Geometry, Boundary Conditions, and
Loading

A finite element analysis approach was selected for pur-
poses of numerically simulating the behavior of the GRCSE
and foundation soils. For purposes of analysis, a hypothet-
ical embankment underlain by a geosynthetic layer and
constructed over GECs was simulated. The cross-section
of the idealized embankment, the soft soil, and the GECs
are shown in Fig. 1a. Due to symmetry about the z-axis,
only one-half of the solution domain was modeled in the
full 3-d analyses. The height of the embankment was as-
sumed to be 5 m, with a 1V:2H side slope. In all of the
finite element analyses that were performed, the thickness
of the soft soil and the length of the GECs were assumed
to be 5 m. It was also assumed that the soil and GECs
were underlain by a rigid layer. GECs with a diameter of
0.8 m and a center-to-center spacing of 1.6 m were selected
for the numerical analyses. The resulting area replacement
ratio (ARR) was thus 20%. This value was selected in ac-
cordance with observations made by Han et al. (2004), who
reported that the ARR for GRCSEs typically ranges be-
tween 5 and 30%. As shown in Fig. 1a, a single layer of
geosynthetic reinforcement over the GECs was assumed.

To investigate the soundness of the unit cell concept as
it applies to the numerical modeling of GRCSEs, three con-
figurations were analyzed: a full 3-d idealization (Fig. 1c),
a 3-d unit cell idealization (Fig. 1d), and a 2-d axisymmet-
ric unit cell idealization (Fig. 1e).

In the full 3-d analysis, only a single row of columns
was considered, as these types of embankments are usu-
ally long and have a uniform cross-section in the transverse
direction. Furthermore, because of symmetry in the longi-
tudinal direction (about the z-axis), only half of a row of
columns and the surrounding soft soil was modeled in the
full 3-d analyses (Fig. 1c). In these analyses, the lateral ex-
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Fig. 1: (a) Cross section of the simulated GRCSE embankment, (b) plan view of GECs, (c) plan view of the full 3-d simulation,
(d) plan view of a unit cell, and (e) plan view of an equivalent axisymmetric unit cell.

tent of the soft soil beyond the toe of the embankment was
chosen to be 15 m. Sensitivity analyses were performed
to confirm that the finite element results were not affected
by the imposed conditions at this distance along the right
vertical boundary of the soft soil.

A unit cell consists of a single column surrounded by
the tributary area of soil that is defined by lines of symme-
try (Fig. 1b). For columns in a square configuration with
equal center-to-center spacing in both the longitudinal and
transverse directions, the unit cell has a square geometry
(Fig. 1d). A 3-d finite element analysis is required to prop-
erly model this unit cell. Since it has two lines of symmetry
(Fig. 1d), only one-quarter of the unit cell was modeled in
the finite element analyses.

As shown in Fig. 1e, a square unit cell can be approx-
imated by a circular one by choosing the same area of
soft soil that surrounds the column. The resulting circular
unit cell can be used to perform axisymmetric finite ele-
ment analyses. In this case, the equivalent diameter of the
unit cell is equal to 1.13 times the center-to-center column
spacing; i.e., De = (1.13)(1.6) = 1.80 m.

It should be noted that for columns in a triangular pat-
tern, the unit cell forms a regular hexagon around the
column. This hexagonal unit cell can also be closely ap-
proximated by an equivalent circular unit cell with the
same total area. The equivalent circular unit cell can then
be simulated using either a 3-d unit cell or an axisym-
metric unit cell. This approximation is similar to that
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Fig. 2: Finite-element mesh used for full 3-d analysis: (a) three-dimensional view, (b) profile view, and (c) plan view.

in which a square unit cell is approximated by a circular
unit cell, as discussed in the previous paragraph. In other
words, nearly identical analyses can be performed to nu-
merically simulate the unit cell behavior of GRCSEs with
either square or triangular column configurations; only the
unit cell areas are slightly different. It is expected that the
results from a full 3-d analysis of a triangular column spac-
ing configuration would be also slightly different than that
for a square column spacing, since the cross-section in the
transverse direction in the case of the triangular pattern is
not uniform. The differences in the numerical simulations
of GRCSE with columns in triangular and square patterns
are beyond the scope of this paper. For purposes of the
analyses conducted herein, a square pattern spacing was
exclusively assumed.

In the full 3-d model (Fig. 2), nodal displacements in
the x-direction are constrained along the right and left
boundaries (planes) of the solution domain. These bound-
ary conditions are reasonable, because: (1) the left side
planar boundary represents a symmetry boundary, which
cannot have displacements that are normal to the plane
(i.e., in the x-direction), and (2) the right side planar
boundary is far enough away (e.g., the soft soil domain
is large enough) that constraining the nodal displacements
in the x-direction along this boundary has no significant

effect on the model results. The boundary planes parallel
to the x-z plane are also symmetry planes (recall Fig. 1c).
It follows that nodal displacements in the y-direction (i.e.,
those normal to the x-z plane) must be constrained along
these planes. Finally, along the bottom boundary, nodal
displacements in the z-direction are constrained so as to
prevent rigid-body motion in this direction.

In the 3-d unit cell model (Fig. 3), planes parallel to the
x-z and y-z planes represent symmetry boundaries. As
such, nodal displacements normal to these planes must be
constrained. Along the bottom boundary, nodal displace-
ments in the z-direction must be also constrained so as to
prevent rigid-body motion in this direction.

In the axisymmetric unit cell model (Fig. 4), nodal dis-
placements in the radial direction are constrained along the
right and left boundaries of the solution domain. The lat-
ter specifications are necessitated by the fact that the left
boundary represents a symmetry boundary, thus preclud-
ing displacements normal to it. Along the bottom bound-
ary, nodal displacements in the z-direction are constrained
so as to prevent rigid-body motion in this direction. The
above nodal constraints associated with the full 3-d, 3-d
unit cell, and axisymmetric unit cell analyses shall be re-
ferred to throughout the remainder of this paper as the
“standard degree of nodal constraint” along the bottom
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Fig. 3: Finite-element mesh used for 3-d unit cell analysis.

boundary of the solution domain.
Due to lateral spreading of the embankment in the full

3-d analysis, it was hypothesized that the numerical results
might be affected by the imposed boundary conditions that
are specified in the x-direction along the bottom of the so-
lution domain (i.e., along the bottom of the soft soil and
GECs). As a result, the full 3-d, 3-d unit cell, and ax-
isymmetric unit cell analyses of the GRCSE were repeated
with nodes along the bottom boundary constrained in all
directions. These nodal constraints shall be referred to
herein as the “increased degree of nodal constraint” along
the bottom boundary of the solution domain. The results
from analyses with both the “standard” and “increased”
degrees of nodal constraint along the bottom boundary will
be compared and discussed later in this paper.

All finite element analyses described herein were per-
formed using the computer program ABAQUS (Hibbitt et
al. 2007). The finite element analyses were initiated by
activating the initial stresses in the GECs and in the sur-
rounding soft soil. The initial lateral earth pressure was
assumed to be at an ‘at-rest’ condition. The lateral earth
pressure coefficient (K) was determined to be 0.5, using
the empirical relationship proposed by Brooker and Ire-
land (1965), Ko = 0.95 − sin φ. After establishing the
initial stress state, the embankment construction was sim-
ulated in a number of steps. The embankment loading was
modeled by progressively assigning gravity to each 0.5 m
thick layer of elements in the embankment. In all of the

y
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r

z

Fig. 4: Finite-element mesh used for axisymmetric unit cell
analysis.

analyses the excess pore pressures were assumed to have
dissipated over time, i.e., the analyses were considered to
be “drained”.

2.2 Finite Element Mesh

The finite-element mesh for the granular columns, the soft
soil, and the embankment was developed using 8-node
brick elements and 4-node quadrilateral elements in the
3-d and axisymmetric numerical simulations, respectively.
The geosynthetic for both the column encasement and the
reinforcement over the columns was modeled using 4-node
quadrilateral and 2-node membrane elements in the 3-d
and axisymmetric finite element analyses, respectively.

The finite-element meshes used for the full 3-d, 3-d unit
cell, and the axisymmetric unit cell analyses are shown
in Figs. 2, 3, and 4, respectively. For the full 3-d analy-
sis, 38,856 continuum and membrane elements were used
in the mathematical model, while only 1,840 and 448 ele-
ments were used in the finite-element mesh for the 3-d unit
cell and the axisymmetric analyses, respectively. Mesh sen-
sitivity analyses were performed to ensure that the meshes
were sufficiently fine so as to yield accurate results. In or-
der to minimize possible errors due to the finite element
mesh, the same size of elements were utilized in all numer-
ical analyses. It should also be noted that to eliminate ill-
shaped elements in the finite-element mesh that was used
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for the full 3-d analysis, the embankment slope was ideal-
ized in steps rather than a continuous slope (Fig. 2). By
examining the number of elements that was used in the
finite-element meshes, it can be observed that the full 3-
d analysis is computationally much more expensive than
numerical modeling of the unit cell either under 3-d or
axisymmetric conditions.

2.3 Constitutive Models

The granular materials were idealized using an isotropic
linear elastic - perfectly plastic model with a Mohr-
Coulomb failure criterion. The Mohr-Coulomb model is
defined by five parameters, namely: the effective friction
angle (φ), effective cohesion (c), dilation angle (ψ), elas-
tic modulus (E), and Poisson’s ratio (ν). For both the
embankment and columns, the granular soil was assumed
to be loose Sacramento River sand. The following Mohr-
Coulomb model parameter values were used to characterize
the granular materials: φ = 35.0◦, c = 0.0, ψ = 0.0◦, E =
30,000 kPa, and ν = 0.20. Kaliakin et al. (2012) discuss
the determination of these values from experimental data
for loose Sacramento River sand from tests performed by
Lee and Seed (1967).

The soft soil was assumed to be normally consolidated
Bangkok clay (Balasubramanian and Chaudhry 1978), and
was idealized using the modified Cam Clay model. Khab-
bazian et al. (2012) investigated the effect of the soft soil
constitutive model when numerically modeling CSEs con-
structed with GECs as the deep foundation elements, and
concluded that the use of the modified Cam Clay model is
preferable over the Mohr-Coulomb or linear elastic models
for accurately capturing the behavior of the soft soil be-
tween columns. Five parameters are associated with this
model, namely the void ratio (e) at unit pressure, the slope
of the critical state line (M), Poissons ratio (ν), and the
slopes of the swelling and re-compression (κ) and virgin
consolidation (λ) lines in void ratio - log p′ space, where p′

is the effective mean pressure. The specific model parame-
ter values used to characterize the soil were determined by
matching numerical model results with experimental data
for soft Bangkok clay (Balasubramanian and Chaudhry
1978). This particular Bangkok clay classifies as a fat clay
(CH), with index properties of Gs = 2.72, LL = 118 ±
2(%), PL = 43 ± 2(%), PI = 75 ± 4(%). The following
Cam clay model parameters were used to characterize the
Bangkok clay: κ = 0.09, λ = 0.51, M = 1.0, ν = 0.3, and
e = 2.0 (at a unit pressure of 1 kPa).

The geosynthetic was assumed to be an isotropic linear
elastic material with a Poisson’s ratio of 0.3 (e.g., Mu-
rugesan and Rajagopal 2006; Liu et al. 2007) for both the
column encasement and the embankment reinforcement.
Alexiew et al. (2005) documented that design values of the
encasement tensile modulus (J) between 2,000-4,000 kN/m
were required for the geosynthetic used to encase granu-
lar columns on a number of different projects (J is also
commonly referred to as the geosynthetic stiffness, e.g.,
Murugesan and Rajagopal 2006; Smith and Filz 2007).
Consequently, a value of J = 3,000 kN/m was used in

the numerical simulation of the geosynthetic encasement.
The thickness of the geosynthetic (t) was assumed to be 2
mm for all of the numerical analyses that were performed.
Khabbazian et al. (2009) and Khabbazian (2011) indicated
that using an isotropic linear elastic material that is ca-
pable of carrying both compressive and tensile stresses for
encasement can increase the bearing capacity of GECs and
adversely affect the shape of lateral displacement (bulging)
of GECs. To properly account for the fact that the geosyn-
thetic does not carry compressive loads, the “No Compres-
sion” option available in ABAQUS (Hibbitt et al. 2007)
was adopted in the finite element analyses. This ensured
that spurious compressive forces would not be predicted in
the geosynthetic reinforcement. The tensile modulus of the
embankment reinforcement was also assumed to be 3,000
kN/m.

The influence of using interface elements between the
geosynthetic encasement and the surrounding granular and
soft soils in the numerical simulation of individual GECs
for single-element column loading has been studied by
Khabbazian (2011); results of potential interest from that
study have also been presented in a number of related pub-
lications (e.g., Khabbazian et al. 2010a, 2011a, b). How-
ever, as noted by Khabbazian (2011), there are a num-
ber of numerical issues associated with the use of interface
elements between the geosynthetic and the surrounding
soils when simulating the behavior of GECs in CSEs and
GRCSEs using the ABAQUS computer program. As a
result, in all of the finite element analyses that were per-
formed herein, no interface elements were used between
the geosynthetic and the surrounding soils; i.e., the mem-
brane elements were fully tied to the solid elements. This
assumption is consistent with the modeling approach that
has been used by a variety of other researchers in this area
(e.g., Murugesan and Rajagopal 2006; Lo et al. 2010; Yoo
2010).

3 Assessment of Results

Although many parameters can be used to assess the valid-
ity of the unit cell concept for the numerical simulation of
GRCSEs with GECs, the following four quantities were se-
lected for assessment purposes herein: the average vertical
stress on top of the GECs, the maximum settlement of the
soft foundation soil, the lateral displacement of the GECs,
and the tension force in the geosynthetic reinforcement. In
the full 3-d analysis, the first column located on the center-
line of the embankment (Fig. 1c) was selected for purposes
of comparison with the unit cell idealizations. This was
done in order to minimize the “edge effects” in the full 3-d
analysis; i.e., to account for the fact that columns closer to
the edge of the embankment will behave differently than
those near the middle, due to the increased lateral move-
ment (lateral spreading) of the embankment near its edges.
The validity of the unit cell concept, as applied to columns
at different locations in a full 3-d analysis, is also examined
in this paper.
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3.1 Numerical Simulations with Bottom
Boundary Constrained Only in Vertical Direction

Figure 5 shows the average vertical stresses carried by the
GECs versus the height of the embankment for all analy-
ses. From this figure it is apparent that all analyses give
essentially the same value of vertical stress on top of the
GEC. The maximum difference between the 3-d and ax-
isymmetric analyses was approximately 15%, while those
from the full 3-d and 3-d unit cell analyses differed by no
more than 4%.
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Fig. 5: Average vertical stresses on the GEC versus height
of embankment for full 3-d, 3-d unit cell, and axisymmetric
unit cell analyses (“standard” degree of nodal constraint along
bottom boundary).

The second parameter studied in this section is the value
of the maximum vertical displacement in the soft soil at
the point farthest from the column (i.e., 1.13 and 0.9 m
away from the center of the column for 3-d and axisymmet-
ric analyses, respectively). Figure 6 presents the values of
maximum vertical displacements for all the analyses. From
this figure it is apparent that the results of the 3-d and ax-
isymmetric unit cell analyses are in fairly good agreement;
however, the maximum value of vertical displacement from
the full 3-d analysis deviates somewhat from that obtained
from the unit cell analyses. The difference between these
results increases with the height of the embankment. For
example, at an embankment height of 1 m the difference
in the maximum vertical displacement calculated by the
full 3-d and axisymmetric analyses equals 1.3 cm; how-
ever, this difference increases to 7.8 cm when the height of
the embankment is increased to 5 m. The aforementioned
differences are partly explained by the fact that, in the
unit cell analyses, the extent of the solution domain in the
direction parallel to the x-axis (Fig. 1) is dictated by the
definition of the unit cell. No such restrictions are imposed
in the full 3-d analysis. Consequently, less constraint is im-

posed on the soft soil in the 3-d analysis, which results in
more lateral displacements and consequently larger verti-
cal displacements as compared to the unit cell analyses.
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Fig. 6: Maximum settlement of foundation soft soil versus
height of embankment for full 3-d, 3-d unit cell, and axisym-
metric unit cell analyses (“standard” degree of nodal constraint
along bottom boundary).

Figure 7 shows the lateral displacement (bulging) of the
GECs for an embankment height of 5 m. From this figure it
can be seen that, for most portions of the GEC, the lateral
displacement values obtained from the full 3-d analysis are
substantially greater than those from the unit cell analyses.
The average calculated lateral displacement from the full
3-d analysis is significantly greater than that from the unit
cell idealization. This is consistent with the explanation
provided in conjunction with Fig. 6 concerning the extent
of the solution domain in a direction parallel to the x-axis
(Fig. 1).

It is clear from Fig. 7 that the values of lateral displace-
ment for a GEC that result from finite element analysis
do not vary smoothly with depth. The response that is
shown is physically unlikely in light of the problem ge-
ometry, loading, and lateral constraint with depth. It is
natural to suspect that such rather localized maxima may
be the result of an overly coarse mesh. However, as noted
in Sect. 2.2, sensitivity analyses were performed to ensure
that the meshes used were sufficiently fine so as to yield ac-
curate results. This somewhat oscillatory lateral displace-
ment response that results from finite element analysis of
GECs has also been reported by other researchers (e.g.,
Malarvizhi and Ilamparuthi 2007; Castro and Sagaseta
2009; Yoo and Kim 2009; Pulko et al. 2011). The pre-
cise reason for this lack of smoothness is not clearly known
and the authors are currently studying this phenomenon.

Three columns, located different distances from the
embankment centerline (measured in the x-direction, as
shown in Fig. 1a-c), were selected from the full 3-d analy-

7



Lateral Displacement (mm)

0 10 20 30

D
ep

th
 (

m
)

0

1

2

3

4

5

Axisymmetric
3-d Unit Cell
Full 3-d

Fig. 7: Lateral displacement of the GEC versus depth for full 3-
d, 3-d unit cell, and axisymmetric unit cell analyses at a height
of embankment equal to 5 m (“standard” degree of nodal con-
straint along bottom boundary).

sis to investigate the sensitivity of the finite element results
to the proximity of columns to the shoulder of the embank-
ment. The first column was located on the centerline of
the embankment; the second and the third columns were
the third and fifth ones from the centerline of the embank-
ment, respectively. The values of maximum vertical dis-
placement of the foundation soil (i.e., settlement) around
each of the columns as a function of the height of the em-
bankment are shown in Fig. 8. For the sake of comparison,
results from the 3-d and axisymmetric unit cell analyses
are also shown in this figure. As evident from Fig. 8, the
values of maximum settlements calculated in the 3-d anal-
yses were almost the same for all three columns as long as
the height of the embankment was less than 3 m. Once
the height of the embankment exceeds 3 m, these values
decrease with distance from the centerline of the embank-
ment. For example, at an embankment height of 5 m, the
value of the maximum settlement of the first column is
about 20% greater than that for the fifth column. This is
explained by the fact that the soft foundation soil closer
to the embankment centerline is subjected to larger ver-
tical stresses both at the ground surface and with depth
as compared to the soil that is located closer to the shoul-
der. Such an effect is expected to be even greater if thicker
layers of soft foundation soil were modeled in the numer-
ical analyses. This observed model behavior represents
another source of discrepancy between the values of verti-
cal settlements calculated from unit cell idealizations and
those from full 3-d models (Fig. 6). Similar trends as those
shown for maximum settlement in Fig. 8 were generally ob-

served for the other quantities such as the average vertical
stresses carried by the GECs and the lateral displacement
of the GECs. As a result, for the embankment analyzed
herein, the design of the first GEC (i.e., the one located
on the centerline of the embankment) is the most critical
one.
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Fig. 8: Maximum settlement of soft foundation soil around
GECs in a 3-d unit cell, axisymmetric unit cell, and full-3-d
analysis versus the height of embankment, for GECs located at
different distances from the embankment centerline (“standard”
degree of nodal constraint along bottom boundary).

From the results shown in Figs. 5, 6, 7 and 8, for the
most critical column in the embankment, it can be ob-
served that the unit cell modeling approach (either the
3-d or axisymmetric) underestimates the maximum set-
tlement between columns and the lateral displacement of
GECs, but provides a reasonable estimate of the stresses
applied to each column. As settlement is often the control-
ling factor in the design of GRCSEs, the use of a unit cell
modeling approach can consequently lead to an unconser-
vative design of such structures. It should be noted that
this conclusion is based on results from analyses in which
nodes along the bottom boundary of the soft soil and the
GECs were unconstrained in the x and y-directions.

3.2 Numerical Simulations with Increased
Degree of Nodal Constraint along the Bottom
Boundary

Another set of finite element analyses, with full 3-d, 3-
d unit cell, and axisymmetric unit cell idealizations, was
carried out to study the soundness of the unit cell concept.
The only difference between these analyses and those de-
scribed in the previous section was that an “increased de-
gree of nodal constraint” was imposed along the bottom
boundary of the soft soil and the GECs, by also preventing
displacement in the x-direction (see Fig. 1).

Figures 9, 10, and 11 present the average vertical
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stresses on the GECs, the maximum settlement of the soft
foundation soil, and the lateral displacement of the GECs
for an embankment height of 5 m, respectively. Good
agreement between all three analyses is evident in Figs. 9
and 11. As shown in Fig. 10, the greatest difference be-
tween the results of unit cell and full 3-d analyses was
found to be in the prediction of maximum settlement of
the soft foundation soil surrounding the GECs. For exam-
ple, the difference between the maximum vertical displace-
ment from the full 3-d and unit cell analyses was found to
be 2 cm, which is significantly less than the 7.8 cm value
that was obtained from analyses with a standard degree of
nodal constraint along the bottom boundary.

Height of Embankment (m)

1 2 3 4 5

V
er

tic
al

 S
tr

es
s 

on
 G

E
C

 (
kP

a)

0

100

200

300

400

500

Axisymmetric
3-d Unit Cell
Full 3-d

Fig. 9: Average vertical stresses on the GEC versus height
of embankment for full 3-d, 3-d unit cell, and axisymmetric
analyses (increased degree of nodal constraint along the bottom
boundary).

Based on the results presented in Figs. 9, 10 and 11, it
was confirmed that the numerical results for the 3-d and
axisymmetric unit cell analyses were independent of the
nodal constraints imposed along the bottom of the solu-
tion domain. This is not surprising since in both the unit
cell idealizations all the loads are applied in the vertical
direction. Due to the potential for lateral spreading of the
embankment in the full 3-d analysis, the finite element re-
sults were affected by the nodal constraints imposed along
the bottom of the soft soil foundation and GECs. In par-
ticular, the increased degree of nodal constraint along the
bottom boundary in a full 3-d analysis gives results that
are essentially the same as those from unit cell analyses.
Thus, if the only quantities of interest are those shown in
Figs. 9, 10 and 11, then unit cell analyses will provide quite
accurate results with significantly lower computational ef-
fort as compared to full 3-d analyses.

Figure 12 shows the average stresses carried by three
GECs in the full 3-d analysis (i.e., the first, third, and
fifth column, as defined in the previous section) versus the
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Fig. 10: Maximum settlement of foundation soft soil versus
height of embankment for full 3-d, 3-d unit cell, and axisym-
metric analyses (increased degree of nodal constraint along the
bottom boundary).

height of embankment. The results of 3-d and axisymmet-
ric unit cell analyses are also presented in this figure. As
evident from Fig. 12, the stresses carried by the first and
third columns are the same for the entire height of the
embankment. However, for the fifth column, some minor
deviations from the first and third columns can be seen af-
ter the height of embankment reaches 3 m. The difference
between the vertical stresses carried by the first and fifth
columns when the embankment height is 5 m is, however,
only 12%. This is because there is less embankment load
on top of the fifth column as compared to the first column.
Further investigations showed similar trends for other pa-
rameters such as the vertical and lateral displacement of
the GECs.

Further comparisons of the results of full 3-d analyses
with standard and increased degree of nodal constraint at
the bottom of the boundary of the soft soil and the GECs
revealed that the average vertical stresses on the GECs
were insensitive to the applied nodal constraints; however,
the values of maximum settlement of the soft foundation
soil and the lateral displacement of the GECs varied ac-
cording to the fixity along the bottom boundary of the soft
soil and the GECs.

3.3 Tension Force in the Geosynthetic
Reinforcement

When designing GRCSEs, the tension force in the geosyn-
thetic reinforcement due to vertical loads (i.e., the weight
of embankment and any surcharge) in both the transverse
and longitudinal directions is first calculated using the con-
cept of a unit cell. There are currently a number of sim-
plified methods that can be utilized for calculating this
force (e.g., Carlson 1987; McKelvey 1994; BS8006 1995;
Kempfert et al. 2004).
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Fig. 11: Lateral displacement of the GEC versus depth for
full 3-d, 3-d unit cell, and axisymmetric analyses at a height of
embankment equal to 5 m (increased degree of nodal constraint
along the bottom boundary).

In GRCSEs, the geosynthetic reinforcement layer also
carries some additional forces that are induced by the em-
bankment’s tendency for lateral spreading. Consequently,
the reinforcement must be designed to prevent, or at least
minimize, lateral spreading of the embankment, while still
performing its primary function of transferring vertical
loads from the embankment to the top of the columns.
The tension produced in the reinforcement (T ) due to lat-
eral spreading can be calculated by the following equation
(Elias et al. 2006):

T = Ka(γH + q)H/2 (1)

where Ka is the coefficient of active earth pressure, which
equals tan2(45 − φ/2), where φ is the effective friction
angle of the embankment soil, γ is the unit weight of the
embankment soil, q is the surcharge applied to the top of
the embankment, and H is the height of the embankment.
The tension force in the reinforcement due to the lateral
spreading of the embankment is then added to the tension
force in the transverse direction due to vertical loading.

The plan view of a 3-d unit cell located at the ground
surface (i.e., where the horizontal geosynthetic reinforce-
ment is placed) is shown in Fig. 13. Due to symmetry of
the unit cell, the reinforcement tension forces in both di-
rections shown in the highlighted regions are exactly the
same. For an axisymmetric unit cell there is only one di-
rection for the tension force in the geosynthetic reinforce-
ment. Consequently the calculated reinforcement tension
force in all directions is the same in analyses employing
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Fig. 12: Average vertical stresses on the GECs in a 3-d unit
cell, axisymmetric unit cell, and GECs located at different dis-
tances from the embankment centerline in a full 3-d analysis
versus the height of embankment (increased degree of nodal
constraint along the bottom boundary).

an axisymmetric unit cell. In a full 3-d analysis, however,
the tension force in the x-direction (Fig. 1) can be different
than that in the y-direction due to the lateral spreading of
the embankment in the transverse direction.

 

x 

y 

GEC

Fig. 13: Plan view of a 3-d unit cell.

As mentioned above, in existing design methods it is
usually assumed that the tension force in the longitudi-
nal direction of the embankment is less than that in the
transverse direction, and is equal to the tension force cal-
culated from the unit cell idealization. The validity of this
assumption is now further investigated. This is done by
first comparing the reinforcement forces in the transverse
direction obtained from a full 3-d, a 3-d unit cell, and an
axisymmetric unit cell analysis. Then the ability of the
3-d and axisymmetric unit cell idealizations for predict-
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Fig. 14: Variation of tension force in geosynthetic reinforcement in transverse direction along embankment cross-section for full
3-d analysis.

ing the tension force in the longitudinal direction will be
examined by comparing results to those obtained from a
full 3-d analysis (with different degrees of nodal constraint
specified along the bottom of the soft soil and GECs).

Figure 14 shows the variation of transverse tension force
in the geosynthetic reinforcement along the embankment
cross-section for a full 3-d analysis with “standard” and
“increased” degrees of nodal constraint along the bottom
boundary of the solution domain. The vertical grid lines
in this figure coincide with the center of each GEC. The
following observations can be made from Fig. 14:

1. The value of the reinforcement force in the full 3-d
analysis with the standard degree of nodal constraint
along the bottom boundary is noticeably greater (for
this particular problem, by about 50%) than that ob-
tained from a similar analysis with an increased degree
of nodal constraint. This can be explained by the fact
that some additional lateral resistance is provided in
the case of increased degree of nodal constraint along
the bottom boundary of the solution domain.

2. The maximum value of the reinforcement force in both
analyses is almost constant from the embankment cen-
terline up to the shoulder of the embankment (i.e.,
above the fifth GEC, which is located 6.4 m from the
embankment centerline). After this point the force
starts to decrease. This is because of larger embank-
ment loads, combined with a greater tendency for lat-

eral spreading of the reinforcement underneath the
embankment from the centerline to the shoulder of
the embankment, as compared to the reinforcement
underneath the embankment slope.

3. In both analyses, the tension force above the center
of each GEC has a minimum value, followed by two
peaks at the edges of each column. It can also be
observed that for the columns located between the
embankment centerline up to the first GEC after the
shoulder of embankment, the peak value at the right
side of each column (i.e., toward the shoulder of the
embankment) is always greater than that at the left
side of the column (due to the lateral spreading to
the right). This trend reverses for columns located
beyond the first GEC on the right side of shoulder of
the embankment. In this case, due to the embankment
slope, higher loads are present at the left side of GECs
than at the right.

Figure 15 shows the tension force in the geosynthetic
reinforcement obtained from 3-d and axisymmetric unit
cell idealizations, and the transverse tension force from a
full 3-d analysis. From this figure, it is clear that the re-
sults of the 3-d and axisymmetric unit cell analyses are
very close to each other. However, both analyses predict
substantially lower tensile forces than those from the full
3-d analysis. In addition, for the unit cell analyses the
maximum tensile forces occur above the center of the col-
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umn and become zero over the soft soil at the mid span
of columns. In the full 3-d analyses, the values of ten-
sion force start to increase from the center of the column,
reaching their maximum value slightly before the edge of
the column. The rather large difference between the ten-
sion forces in the transverse direction obtained from unit
cell analyses and those obtained from a full 3-d analysis can
be attributed to the lateral spreading of the embankment
in the latter case.
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Fig. 15: Comparison of reinforcement force from full 3-d and
unit cell analyses in the transverse direction.

Using Eq. (1) in conjunction with the friction angle and
the unit weight of the embankment material (35◦ and 20
kN/m3, respectively), and the height of the embankment
(5 m), the tension force due to the lateral spreading is
calculated to be 67.7 kN/m. This value is added to the
tension forces obtained from unit cell analyses, and the
results are shown in Fig. 16. For the sake of comparison,
the results of a full 3-d analysis are also shown in this
figure. It is clear that the corrected values of tensile forces
from the unit cell analyses are in fairly good agreement
with the results from the full 3-d analysis with the standard
degree of nodal constraint along the bottom boundary of
the solution domain. The corrected values of tensile forces
from unit cell analyses, however, are overestimated when
compared to the results from the full 3-d analysis with
the increased degree of nodal constraint along the bottom
boundary of the solution domain.

Figure 17 compares the reinforcement forces in the
transverse and longitudinal directions obtained from a full
3-d analysis with an increased degree of nodal constraint
along the bottom boundary. It is clear that the tension
force in the transverse direction is always greater than that
in the longitudinal direction. In particular, for the spe-
cific case considered herein, the maximum tension force in
the transverse direction is 50% greater than the maximum
value in the longitudinal direction. A similar trend was
also found for model results when the standard degree of
nodal constraint was applied along the bottom boundary.
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Fig. 16: Comparison of corrected reinforcement force from unit
cell analyses and actual tension forces from full 3-d analyses in
the transverse direction.

Figure 18 shows the tension force in the longitudinal di-
rection obtained from a full 3-d analysis, together with that
from the 3-d and axisymmetric unit cell analyses. From
Fig. 18, a similar pattern of longitudinal tensile forces for
the full 3-d analysis and for the 3-d and axisymmetric unit
cell analyses is evident. This can be explained by the simi-
larity of boundary conditions in the longitudinal direction
for a full-3d model to those from the unit cell analyses. It
is also clear from Fig. 18 that the longitudinal tensile forces
from a full 3-d analysis are always greater than those pre-
dicted by the unit cell analyses. The maximum value of
tensile force from the full 3-d analysis is about 3 times
greater than the maximum values from the unit cell anal-
yses. This is attributed to the fact that only in the full
3-d analysis is the transverse reinforcement force correctly
computed. Since the geosynthetic acts like a membrane, it
follows that the longitudinal force will likewise be affected
in the full 3-d analysis.

As a result of these analyses, it can be reasonably con-
cluded that the unit cell idealizations are not capable of
properly predicting the values of the reinforcement forces
in the longitudinal direction. These results (Fig. 18) dis-
agree with the commonly accepted assumption that the
longitudinal tension force in the geosynthetic reinforce-
ment is equal to the tension force that is calculated from
a unit cell idealization. Consequently, full 3-d analyses are
required to more precisely compute the longitudinal forces
in the geosynthetic reinforcement.

4 Conclusions

This paper has presented the results of finite element anal-
yses of a hypothetical geosynthetic reinforced column sup-
ported embankment (GRCSE) with geosynthetic encased
columns (GECs) as the deep foundation elements. The
main focus of this study was the validity of the unit cell
concept in the finite element modeling of GRCSEs with
GECs. Full 3-d, 3-d unit cell, and axisymmetric unit cell
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Fig. 17: Comparison of tension force in transverse and longi-
tudinal directions from full 3-d analysis with increased degree
of nodal constraint along the bottom boundary.
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Fig. 18: Comparison of reinforcement force from unit cell and
full 3-d analyses in the longitudinal direction.

analyses were carried out to simulate the response of a hy-
pothetical GRCSE with GECs. Also investigated in this
paper was the effect of the degree of nodal constraint along
the bottom boundary of the solution domain when numer-
ically modeling GRCSEs. The following conclusions were
reached as a result of the finite element analyses that were
performed:

1. Full 3-d analyses of the hypothetical 5 m high GRCSE
analyzed herein showed that for embankment heights
lower than 3 m, the results for columns located on
the embankment centerline (i.e., the first column) and
those directly under the shoulder of the embankment
(i.e., at the fifth column) were insensitive to the dis-
tance of the column from the embankment centerline.
As the height of embankment increased to 5 m, some
differences were found between columns located on the
embankment centerline and those directly under the

shoulder of the embankment. The maximum differ-
ence between results from the first and fifth columns
was found to be 12% for a full 3-d analysis with in-
creased degree of nodal constraint along the bottom
boundary of the solution domain, and 20% for a simi-
lar analysis with a standard degree of nodal constraint
along the same boundary.

2. Axisymmetric unit cell analyses of the GRCSE yielded
almost the same results as the 3-d unit cell analyses.
A unit cell idealization, either 3-d or axisymmetric,
can be used for numerical modeling of GRCSEs to
successfully calculate a number of required design pa-
rameters such as: the average vertical stresses carried
by the GECs, lateral displacement of the GECs and,
to some extent, the maximum settlement of the soft
foundation soil. Comparison of unit cell analyses with
full 3-d analyses (with increased degree of nodal con-
straint along the bottom boundary) showed that, ex-
cept for the tension force in the geosynthetic reinforce-
ment, all parameters that were studied herein and cal-
culated from unit cell analysis are in good agreement
with those from a full 3-d analysis.

3. The results of finite element analyses proved that a
full 3-d idealization is required to more precisely deter-
mine the tension forces produced in the geosynthetic
reinforcement. It was found that the tension forces
calculated from 3-d and axisymmetric unit cell analy-
ses were significantly less than those calculated from
a full 3-d analysis. This is explained by the fact that
lateral spreading of the embankment and soft soil is
accounted for in full 3-d analyses. Although the ten-
sion force in the geosynthetic may be estimated using
a plane strain idealization, the accuracy of this esti-
mate will decrease with increased inter-column spac-
ing in the lateral direction.

4. Full 3-d analyses showed that tension forces in the
transverse direction are greater than those in the lon-
gitudinal direction due to lateral spreading of the em-
bankment. The maximum tension force in the trans-
verse direction was found to be about 50% greater
than the maximum value in the longitudinal direction.

5. The results of full 3-d analyses disagreed with the com-
monly accepted assumption that the longitudinal ten-
sion force in the geosynthetic reinforcement is equal
to the tension force calculated from unit cell ideal-
ization. In particular, the maximum value of tension
force in the longitudinal direction obtained from a full
3-d analysis was found to be about 3 times greater
than the tension force calculated from unit cell analy-
ses. Such differences are attributed to the fact that in
the full 3-d analyses lateral displacement of the em-
bankment and soft foundation soil is permitted, thus
inducing higher transverse forces in the geosynthetic.
Since the geosynthetic acts like a membrane, it fol-
lows that the tension force in the longitudinal direc-
tion would also be affected.

6. Finite element results showed that 3-d and axisym-
metric unit cell analyses are generally unaffected
by the nodal constraints imposed along the bottom
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boundary of the GEC and the surrounding soft soil.
This is explained by the fact that there is no lateral
loading in the unit cell idealizations. For full 3-d anal-
yses the results were, however, affected by the de-
gree of nodal constraint in the transverse direction
(x-direction) along the bottom boundary. This effect
is attributed to the lateral spreading of the embank-
ment. In particular, it was found that the results from
the full 3-d analyses with a “standard” degree of nodal
constraint along the bottom boundary differed from
those calculated from similar analyses with an “in-
creased” degree of nodal constraint along the bottom
boundary. It was also found that the results of unit
cell analyses were more similar to the results of a full 3-
d analysis with an increased degree of nodal constraint
along the bottom boundary. In reality, however, the
bottom boundary is neither completely constrained in
all directions nor it is free to move laterally. In other
words, the behavior along the actual bottom bound-
ary is likely somewhere between the two extremes of
nodal constraint assumed in this study. In addition,
the effect of the bottom boundary on the numerical re-
sults of a full 3-d analysis of GRCSEs is also expected
to be dependent on the length of the deep foundation
elements. In particular, as the length of these ele-
ments increases, the influence of the bottom boundary
on the finite element results is expected to decrease.
This effect, however, was not investigated as part of
this study.

7. For the models with a “standard” degree of nodal con-
straint along the bottom boundary, the largest differ-
ences in results between the full 3-d and unit cell anal-
yses were in the calculation of the settlement of the
foundation soil and the maximum value of the lateral
displacement of the GECs. This difference was typ-
ically found to be less than 20%. The difference in
these results is expected to be even smaller if some
fixity is present along the bottom boundary, which is
a reasonable expectation for an actual GRCSE. Con-
sequently, the authors feel that a unit cell idealization
provides a reasonable approximation of the behavior
that is obtained from full 3-d analyses for GRCSEs
that are constructed using GECs. The only exception
to this conclusion is the calculation of tensile forces
that are induced in the geosynthetic reinforcement
layer by the lateral spreading of the embankment in
both the transverse and longitudinal directions.

Although the conclusions that are reached in this study
cannot necessarily be generalized to all cases with differ-
ent geometries and soil/geosynthetic properties, they do
provide a useful indication of general trends in GRCSE
behavior. Future experimental research is needed in this
area to validate the simulation-based observations that are
made herein.
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List of symbols

The following symbols are used in this paper:

c = Effective cohesion (Pa);
D = Column diameter (m);
De = Center-to-center column spacing (m);
e = Void ratio at unit pressure (dimensionless);
E = Effective Young’s modulus (Pa);
J = Tensile modulus (N/m);
M = Slope of the critical state line (dimensionless);
φ = Friction angle (degree);
κ = The slope of the swelling line (dimensionless);
λ = The slope of the virgin consolidation line

(dimensionless);
ν = Poisson’s ratio (dimensionless);
ψ = Dilatancy angle (degree).
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