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1 Preliminaries

1.1 Frames

{V }
{I }

{C}

{G}

VIO trajectory
{E}

Figure 1: Frames used in this report

Our integrated sensor system is composed of five different frames: East-North-Up (ENU) frame
{E}, VIO frame {V }, IMU sensor frame {I}, camera sensor frame {C}, and GPS sensor frame
{G}. Please see Fig. 1 for a diagram of all frames. {E} is the frame of the reference of the GPS
measurements that its position is commonly chosen by setting the first GPS measurement as the
datum, and {V } is the local frame set up by the visual inertial odometry (VIO) system. Both the
orientations of the frames are aligned with gravity.

1.2 MSCKF based VIO

The standard VIO state xk at timestep k consists of the current IMU state xIk and n historical
IMU pose clones xCk [1]. All states are represented in the arbitrarily chosen gravity aligned frame
of reference, {V }:

V xk =
[
V x>Ik

V x>Ck
]>

(1)

V xIk =
[
Ik
V q̄
> V p>Ik

V v>Ik b>ωk b>ak

]>
(2)

V xCk =
[
Ik−1

V q̄> V p>Ik−1
· · · Ik−n

V q̄> V p>Ik−n

]>
(3)

where Ik
V q̄ is the JPL unit quaternion [2] corresponding to the rotation from {V } to {I} (i.e.,

rotation matrix Ik
V R), V pIk and V vIk are the position and velocity of {I} in {V }, and bωk and bak

are the gyroscope and accelerometer biases, respectively. We define x = x̂� x̃, where x is the true
state, x̂ is its estimate, x̃ is the error state, and the operation � which maps a manifold element
and its correction vector to an updated element on the same manifold [3].

1.2.1 IMU State Propagation

The linear acceleration am and angular velocity ωm measurements of the IMU are used for V xIk

propagation:

am = a + I
V Rg + ba + na (4)

ωm = ω + bω + nω (5)
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where a and ω are true acceleration and angular velocity, g ≈ [0 0 9.81]> is the global gravity, and
na and nω are zero mean Gaussian noises. These measurements are used to propagate the IMU
state from timestep k to k + 1 based on the following generic nonlinear kinematic model [2]:

V x̂Ik+1|k = f(V x̂Ik|k ,amk
,ωmk

) (6)

where x̂Ia|b denotes the estimate at timestep a processing the measurements up to timestep b.
Specifically, given the continuous-time measurements ωm(t) and am(t) in the time interval

t ∈ [tk, tk+1], and their estimates, i.e. after taking the expectation, ω̂(t) = ωm(t) − b̂ω(t) and
â(t) = am(t) −I

V R̂(t)g − b̂a(t), we can drive the propagation of IMU state from differential
kinematic equations. The solution to the quaternion evolution has the following general form:

It
V q̄ = Θ(t, tk)IkV q̄ (7)

Differentiating and reordering the terms yields the governing equation for Θ(t, tk) as

Θ(t, tk) = It
V q̄

Ik
V q̄
−1 (8)

⇒ Θ̇(t, tk) = It
V

˙̄q Ik
V q̄
−1 (9)

=
1

2
Ω(ω(t)) It

V q̄
Ik
V q̄
−1 (10)

=
1

2
Ω(ω(t))Θ(t, tk) (11)

where Ω(ω) =

[
−bω×c ω
−ω> 0

]
, bω×c is the skew symmetric matrix, and Θ(tk, tk) = I4. If we take

ω(t) = ω to be constant over the the period ∆t = tk+1 − tk, then Θ can be expressed as [4]:

Θ(tk+1, tk) = exp

(
1

2
Ω(ω)∆t

)
(12)

= cos

( |ω|
2

∆t

)
· I4 +

1

|ω| sin
( |ω|

2
∆t

)
·Ω(ω) (13)

' I4 +
∆t

2
Ω(ω) (14)

where in the case of a small |ω| the last equation can be used to approximate. We can formulate
the quaternion propagation from tk to tk+1 using the estimated rotational velocity ω̂(t) = ω̂ as:

Ik+1

V
ˆ̄q = exp

(
1

2
Ω(ω̂)∆t

)
Ik
V

ˆ̄q (15)

Having defined the integration of the orientation, we can integrate the position and velocity over
the measurement interval:

V p̂Ik+1
= V p̂Ik +

∫ tk+1

tk

V v̂I(τ)dτ (16)

= V p̂Ik + V v̂Ik∆t− 1

2
g∆t2 +

∫ tk+1

tk

∫ s

tk

V
Iτ R̂am(τ)dτds (17)

= V p̂Ik + V v̂Ik∆t− 1

2
g∆t2 + Ik

V R̂>
∫ tk+1

tk

∫ s

tk

Ik
Iτ

R̂am(τ)dτds (18)
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= V p̂Ik + V v̂Ik∆t− 1

2
g∆t2 + Ik

V R̂>α (19)

V v̂Ik+1
= V v̂Ik +

∫ tk+1

tk

V â(τ)dτ (20)

= V v̂Ik − g∆t+

∫ tk+1

tk

V
Iτ R̂am(τ)dτ (21)

= V v̂Ik − g∆t+ Ik
V R̂>

∫ tk+1

Ik

tk
Iτ

R̂am(τ)dτ (22)

= V v̂Ik − g∆t+ Ik
V R̂>β (23)

b̂ωk+1
= b̂ωk (24)

b̂ak+1
= b̂ak (25)

All of the above integrals could be solved or numerically solved for if one wishes to use the
continuous-time measurement evolution model.

To perform covariance propagation forward in time, we linearize Eq. (6) at the current estimate.
For the orientation error propagation, we use the following approximations:

I
V R ≈ (I3 − bIV θ̃×c)IV R̂ (26)

Ik+1

Ik
R = exp(

Ik+1

Ik
θ) (27)

= exp(
Ik+1

Ik
θ̂ +

Ik+1

Ik
θ̃) (28)

≈ exp(
Ik+1

Ik
θ̂) exp(Jr(

Ik+1

Ik
θ̂)

Ik+1

Ik
θ̃) (29)

≈ Ik+1

Ik
R̂(I3 − bJr(

Ik+1

Ik
θ̂)

Ik+1

Ik
θ̃×c) (30)

where Jr is right Jacobian matrix of SO(3), and exp(·) is the SO(3) matrix exponential [5]. The
the orientation error propagation become:

Ik+1

V R =
Ik+1

Ik
RIk

V R (31)

⇒ (I3 − bIk+1

V θ̃×c)Ik+1

V R̂ ≈ Ik+1

Ik
R̂(I3 − bJr(

Ik+1

Ik
θ̂)

Ik+1

Ik
θ̃×c)(I3 − bIkV θ̃×c)

Ik
V R̂ (32)

⇒ −bIk+1

V θ̃×cIk+1

V R̂ ≈ −Ik+1

Ik
R̂bJr(

Ik+1

Ik
θ̂)

Ik+1

Ik
θ̃×cIkV R̂− Ik+1

Ik
R̂bIkV θ̃×c

Ik
V R̂ (33)

+
Ik+1

Ik
R̂bJr(

Ik+1

Ik
θ̂)

Ik+1

Ik
θ̃×cbIkV θ̃×c

Ik
V R̂ (34)

⇒ −bIk+1

V θ̃×cIk+1

V R̂ ≈ −Ik+1

Ik
R̂bJr(

Ik+1

Ik
θ̂)

Ik+1

Ik
θ̃×cIkV R̂− Ik+1

Ik
R̂bIkV θ̃×c

Ik
V R̂ (35)

⇒Ik+1

V θ̃ ≈ Ik+1

Ik
R̂Jr(

Ik+1

Ik
θ̂)

Ik+1

Ik
θ̃ +

Ik+1

Ik
R̂Ik

V θ̃ (36)

Thus the state transition of orientation error becomes
Ik+1

Ik
R̂. Since the orientation error is not

related to V pI ,
V vI the error transitions for these parameters are zero.

For the error propagation of regular vectors, such as V pIk , V vIk , and b, we define error state
as x = x̂ + x̃ where x is the true state, x̂ is its estimate, x̃ is the error state. Then the position
error propagation:

V pIk+1
= V pIk + V vIk∆t− 1

2
g∆t2 + Ik

V R>α (37)

RPNG-2019-GPS 3



⇒ V p̂Ik+1
+ V p̃Ik+1

= V p̂Ik + V p̃Ik + V v̂Ik∆t+ V ṽIk∆t− 1

2
g∆t2 + Ik

V R̂>(I3 + bIkV θ̃×c)α (38)

⇒ V p̃Ik+1
= V p̃Ik + V ṽIk∆t+ Ik

V R̂>bIkV θ̃×cα (39)

= V p̃Ik + V ṽIk∆t− Ik
V R̂>bα×cIkV θ̃ (40)

= V p̃Ik + V ṽIk∆t− bIkV R̂>α×cIkV R̂>IkV θ̃ (41)

= V p̃Ik + V ṽIk∆t− bV p̂Ik+1
− V p̂Ik − V v̂Ik∆t+

1

2
g∆t2×cIkV R̂>IkV θ̃ (42)

where ∆t = tk+1 − tk. Therefore the transition of position error from V pIk is I3, from orientation

bV p̂Ik+1
− V p̂Ik − V v̂Ik∆t+ 1

2g∆t2×cIkV R̂>, from velocity ∆tI3.
The velocity error propagation is as follows:

V vIk+1
= V vIk − g∆t+Ik

V R>β (43)

⇒ V v̂Ik+1
+ V ṽIk+1

= V v̂Ik + V ṽIk − g∆t+ Ik
V R̂>(I3 + bIkV θ̃×c)β (44)

⇒ V ṽIk+1
= V ṽIk +Ik

V R̂>bIkV θ̃×cβ (45)

= V ṽIk − Ik
V R̂>bβ×cIkV θ̃ (46)

= V ṽIk − bIkV R̂>β×cIkV R̂>IkV θ̃ (47)

= V ṽIk − bV v̂Ik+1
− V v̂Ik + g∆t×cIkV R̂>IkV θ̃ (48)

Therefore the error transition from velocity becomes I3 and the transition of velocity from orien-
tation bV v̂Ik+1

− V v̂Ik + g∆t×cIkV R̂>.
For the biases:

b̂ωk+1
+ b̃ωk+1

= b̂ωk + b̃ωk (49)

⇒ b̃ωk+1
= b̃ωk (50)

b̂ak+1
+ b̃ak+1

= b̂ak + b̃ak (51)

⇒ b̃ak+1
= b̃ak (52)

To summarize, the error state transition matrix of IMU become:

Φ(tk+1, tk) =


Ik+1

V R̂Ik
V R̂> 03 03 03 03

−bV p̂Ik+1
− V p̂Ik − V v̂Ik∆t+ 1

2g∆t2×cIkV R̂> I3 ∆tI3 03 03

−bV v̂Ik+1
− V v̂Ik + g∆t×cIkV R̂> 03 I3 03 03

03 03 03 I3 03

03 03 03 03 I3

 (53)

We use the transition matrix to propagate the covariance matrix of IMU state as:

Pk+1|k = Φ(tk+1, tk)Pk|kΦ(tk+1, tk)> + Qk (54)

where P and Q are discrete state and noise covariance, respectively [1].

1.2.2 Visual Measurement Update

We maintain a number of stochastic clones in V xCk , and perform visual feature tracking to obtain
series of visual bearing measurements to 3D environmental features. A measurement zci at timestep
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i is expressed as a function of a cloned pose and feature position V pf :

zci = Π(Cipf ) + ni (55)

Π
(

[x y z]>
)

=
[
x
z

y
z

]>
(56)

Cipf = C
I RIi

V R
(
V pf − V pIi

)
+ CpI (57)

where C
I R and CpI represent the camera to IMU extrinsics. To get an estimate of V p̂f , triangulation

is performed using the current state estimates. Then we compute the Jacobian matrix by linearizing

Eq. (55) at current estimate and feature position V p̂f =
[
V x̂f

V ŷf
V ẑf

]>
. The Jacobian matrix

respect to Ii
V q̄,

V pIi , and V pf for the update are:

∂z̃ci

∂IiV θ̃
=

∂z̃ci
∂Cip̃f

∂Cip̃f

∂IiV θ̃

∂z̃ci
∂V p̃Ii

=
∂z̃ci
∂Cip̃f

∂Cip̃f

∂V p̃Ii

(58)

∂z̃ci
∂V p̃f

=
∂z̃ci
∂Cip̃f

∂Cip̃f

∂V p̃f

∂z̃ci
∂Cip̃f

=

 1
Ci ẑf

0 −
Ci x̂f
Ci ẑ2f

0 1
Ci ẑf

−
Ci ŷf
Ci ẑ2f

 (59)

∂Cip̃f

∂IiV θ̃
= C

I R̂bIiV R̂(V p̂f − V p̂Ii)×c
∂Cip̃f

∂V p̃Ii

= −C
I R̂Ii

V R̂ (60)

∂Cip̃f

∂V p̃f
= C

I R̂Ii
V R̂ (61)

Stacking the Jacobians and residuals for all visual measurements yields the following general
form:

z̃c = Hx
V x̃k + Hf

V p̃f + nf (62)

where z̃c is formed by stacking the individual measurement residuals for a given feature, Hx and
Hf are the state and feature Jacobians, respectively. Either the feature can now be updated using
the standard EKF update or treated as a MSCKF feature [6]. The key idea of the MSCKF is to
find the matrix N (H>f ) whose columns span the left null space of Hf . Multiplying the above linear

system on the left by N (H>f )>, we obtain a new measurement function that depends only on the
state:

z̃′c = H′x
V x̃k + n′f (63)

We can directly use this measurement in an EKF update without storing features in the state.
This leads to substantial computational savings as the problem size remains bounded over the
entire trajectory.

2 GPS Measurement Update

In addition to the visual measurement update, whenever a new GPS measurement in the ENU
frame {E} is available, we will update the state with it. When the state is in {V }, the GPS
measurement EpGk at timestep k can be modeled as:

zgk := EpGk = EpV + E
V RV pGk + ngk =: h(V xk) + ngk (64)

V pGk = V pIk + Ik
V R>IpG (65)

RPNG-2019-GPS 5



where IpG is the GPS to IMU extrinsic calibration and ngk is a white Gaussian noise. Due to the
delayed asynchronous nature of the GPS sensor, the state has likely advanced beyond the collection
time and thus we express the measurement as a function of the available stochastic clones. Using
linear interpolation [6], the IMU pose in Eq. (65) can be expressed as:

Ik
V R = Exp

(
λ Log

(
Ib
V RIa

V R>
))

Ia
V R (66)

V pIk = (1− λ)V pIa + λV pIb (67)

λ = (tk + ItG − ta)/(tb − ta) (68)

where ItG is the time offset between the GPS and IMU clocks, the bounding poses have times-
tamps ta ≤ (tk + ItG) ≤ tb, and Exp(·), Log(·) are the SO(3) matrix exponential and logarithmic
functions [5].

As evident from Eqs. (64)-(68), the GPS measurement model depends on both the IMU states
and the GPS-IMU extrinsic and time offset, thus enabling online spatiotemporal GPS-IMU cali-
bration. To update with this measurement in the MSCKF, we include the extrinsic and timeoffset
parameters in the state as:

V xk =
[
V x>Ik

V x>Ck
Ip>G

ItG
]>

(69)

and compute the Jacobian matrix respect to Ia
V q̄,

V pIa , Ib
V q̄,

V pIb ,
E
V q̄,

EpV , IpG and ItG as:

∂z̃

∂IaV θ̃
=

∂z̃

∂IkV θ̃

∂IkV θ̃

∂IaV θ̃

∂z̃

∂V p̃Ia

=
∂z̃

∂V p̃Ik

∂V p̃Ik

∂V p̃Ia

(70)

∂z̃

∂IbV θ̃
=

∂z̃

∂IkV θ̃

Ik
V θ̃

∂IbV θ̃

∂z̃

∂V p̃Ib

=
∂z̃

∂V p̃Ik

∂V p̃Ik

∂V p̃Ib

(71)

∂z̃

∂EV θ̃
= (bEV R̂(V p̂Ik + Ii

V R̂>I p̂G)×c)z
∂z̃

∂Ep̃V
= I3 (72)

∂z̃

∂I p̃G
= E

V R̂
Ik
V R̂>

∂z̃

∂I t̃G
=

∂z̃

∂IkV θ̃

∂IkV θ̃

∂λ

∂λ

∂I t̃G
+

∂z̃

∂V p̃Ik

∂V p̃Ik

∂λ

∂λ

∂I t̃G
(73)

∂z̃

∂IkV θ̃
= −E

V R̂Ik
V R̂>bI p̂G×c

∂IkV θ̃

∂IaV θ̃
= Jl(λ̂

b
aθ̂)(Jr(λ̂

b
aθ̂)−1 − λ̂Jr(

b
aθ̂)−1) (74)

∂z̃

∂V p̃Ik

= E
V R̂

∂V p̃Ik

∂V p̃Ia

= (1− λ̂)I3 (75)

∂IkV θ̃

∂IbV θ̃
= −λ̂Jl(λ̂

b
aθ̂)Jl(

b
aθ̂)−1 ∂V p̃Ik

∂V p̃Ib

= λ̂I3 (76)

∂IkV θ̃

∂λ
= Jl(λ̂

b
aθ̂)baθ̂

∂V p̃Ik

∂λ
= V p̂Ib − V p̂Ia (77)

∂λ

∂I t̃G
=

1

tb − ta
b
aθ̂ = Log(IbV R̂Ia

V R̂>) (78)

where (·)z is the third column of the matrix. This is because while here E
V R is written as a full

rotation matrix, we represent it as one that only rotates about the global gravity aligned z-axis.

RPNG-2019-GPS 6



3 Observability: VIO Reference Frame

3.1 Observability matrix

As system observability plays an important role for state estimation [7, 8], in this section we
perform an observability analysis for the proposed GPS-aided VIO system to gain insights about
state/parameter identifiability. For concise presentation, we consider a simplified case where the
state does not contain biases or stochastic clones and assumes a single feature with perfectly
synchronized and calibrated sensors, while the results can be extended to general cases:

V xk =
[
Ik
V q̄
> V p>Ik

V v>Ik
V p>f

E
V q̄
> Ep>V

]>
(79)

Also the measurement functions of (55) and (64) in this case become:

zck = Π(Ckpf ) + nk (80)

Ckpf = Ik
V R

(
V pf − V pIi

)
(81)

zgk = EpV + E
V RV pIk + ngk (82)

The linearized error state evolution and residuals of both the GPS and visual measurement are
generically given by:

V x̃k = V Φ(tk, t0)V x̃0 + wk (83)

z̃k = V Hk
V x̃k + nk (84)

We first compute the state transition matrix which can be easily taken from Eq. (31)-(53):

V Φ(tk, t0) =


Ik
V R̂I0

V R̂> 03 03 03×7

−bV p̂Ik − V p̂I0 − V v̂I0∆t+ 1
2g∆t2×cI0V R̂> I3 ∆tI3 03×7

−bV v̂Ik − V v̂I0 + g∆t×cI0V R̂> 03 I3 03×7

07×3 07×3 07×3 I7

 (85)

where ∆t = tk − t0.
Linearization of Eq. (80) respect to the state (79) yields the following measurement Jacobians:

∂z̃ck
∂V x̃k

=
[
∂z̃ck

∂
Ik
V θ̃

∂z̃ck
∂V p̃Ik

∂z̃ck
∂V ṽIk

∂z̃ck
∂V p̃f

∂z̃ck
∂EV θ̃

∂z̃ck
∂E p̃V

]
(86)

∂z̃ck

∂IkV θ̃
=

∂z̃ck
∂Ck p̃f

∂Ck p̃f

∂IkV θ̃

∂z̃ck
∂V p̃Ik

=
∂z̃ck
∂Ck p̃f

∂Ck p̃f

∂V p̃Ik

(87)

∂z̃ck
∂V ṽIk

= 03
∂z̃ck
∂V p̃f

=
∂z̃ck
∂Ck p̃f

∂Ck p̃f

∂V p̃f
(88)

∂z̃ck
∂EV θ̃

= 03×1
∂z̃ck
∂Ep̃V

= 03 (89)

∂z̃ck
∂Ck p̃f

=

 1
Ck ẑf

0 −
Ck x̂f
Ck ẑ2f

0 1
Ck ẑf

−
Ck ŷf
Ck ẑ2f

 =: HΠ
∂Ck p̃f

∂IkV θ̃
= bIkV R̂(V p̂f − V p̂Ik)×c (90)

∂Ck p̃f

∂V p̃Ik

= −Ik
V R̂

∂Ck p̃f

∂V p̃f
= Ik

V R̂ (91)
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and linearization of Eq. (82) respect to the state (79) yields the following measurement Jacobians:

∂z̃gk
∂V x̃k

=
[
∂z̃gk

∂
Ik
V θ̃

∂z̃gk
∂V p̃Ik

∂z̃gk
∂V ṽIk

∂z̃gk
∂V p̃f

∂z̃gk
∂EV θ̃

∂z̃gk
∂E p̃V

]
(92)

∂z̃gk

∂IkV θ̃
= 03

∂z̃gk
∂V p̃Ik

= E
V R (93)

∂z̃gk
∂V ṽIk

= 03
∂z̃gk
∂V p̃f

= 03 (94)

∂z̃gk
∂EV θ̃

= (bEV R̂V p̂Ik×c)z
∂z̃gk
∂Ep̃V

= I3 (95)

Stacking Eq. (86) and Eq. (92) we get the general Jacobian of the state as:

V Hk =

[
HΠbIkV R̂(V p̂f − V p̂Ik)×c −HΠ

Ik
V R̂ 02×3 HΠ

Ik
V R̂ 02×1 02×3

03
E
V R̂ 03 03 (bEV R̂V p̂Ik×c)z I3

]
(96)

Now we can construct the observability matrix V M (see [9]).

V M =


...

V Hk
V Φ(tk, t0)

...

 , Hk
V Φ(tk, t0) =

[
Γ1 Γ2 Γ3 Γ4 02×1 02×3

Γ5 Γ6 Γ7 03 Γ8 Γ9

]
(97)

Γ1 = HΠ
Ik
V R̂bV p̂f − V p̂I0 − V v̂I0∆t+

1

2
g∆t2×cI0V R̂> (98)

Γ2 = −HΠ
Ik
V R̂, Γ3 = −∆tHΠ

Ik
V R̂ (99)

Γ4 = HΠ
Ik
V R̂, Γ5 = −E

V R̂bV p̂Ik − V p̂I0 − V v̂I0∆t+
1

2
g∆t2×cI0V R̂> (100)

Γ6 = E
V R̂, Γ7 = ∆tEV R̂ (101)

Γ8 = (bEV R̂V p̂Ik×c)z, Γ9 = I3 (102)

3.2 Rotation of {V } respect to {E} along the gravity axis

For the observability analysis, we change of the initial conditions (at t0) by a perturbation. The
first perturbation is a small rotation of {V } respect to {E} along the gravity axis. This can be
mathematically represented as:

E
V ′R =E

V RV ′
V R> (103)

=E
V R(I + bαg×c) (104)

where α is small scalar. Now we analyze how this change is equivalent to the state’s perturbation.
For the orientation:

(I− bI0V θ̃×c)I0V R = I0
V ′R (105)

= I0
V R(I + bαg×c) (106)

⇒ I0
V θ̃ = −αI0

V Rg (107)
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Apply the perturbation Eq. (104) to initial position of IMU in VIO

V ′pI0 = V ′pV + V ′
V RV pI0 (108)

= 03×1 + (I− bαg×c)V pI0 (109)

= (I− bαg×c)V pI0 (110)

Then the perturbation of the position of IMU in (79) become:

V pI0 + V p̃I0 =V ′ pI0 (111)

= (I− bαg×c)V pI0 (112)

⇒ V p̃I0 = −bαg×cV pI0 (113)

= αbV pI0×cg (114)

Apply the perturbation Eq. (104) to initial velocity of IMU in VIO

V ′vI0 = V ′vV + V ′
V RV vI0 (115)

= 03×1 + (I− bαg×c)V vI0 (116)

= (I− bαg×c)V vI0 (117)

Then the perturbation of the velocity of IMU in (79) become:

V vI0 + V ṽI0 =V ′ vI0 (118)

= (I− bαg×c)V vI0 (119)

⇒ V ṽI0 = −bαg×cV vI0 (120)

= αbV vI0×cg (121)

Apply the perturbation Eq. (104) to initial position of feature in VIO

V ′pf = V ′pV + V ′
V RV pf (122)

= 03×1 + (I− bαg×c)V pf (123)

= (I− bαg×c)V pf (124)

Then the perturbation of the position of feature in (79) become:

V pf + V p̃f =V ′ pf (125)

= (I− bαg×c)V pf (126)

⇒ V p̃f = −bαg×cV pf (127)

= αbV pf×cg (128)

Lastly, the perturbation of the rotation from {V } to {E} become:

(I− bEV θ̃×c)EV R = E
V ′R (129)

= E
V R(I + bαg×c) (130)

⇒ E
V θ̃ = −αE

V Rg (131)

⇒ (EV θ̃)3 = (−αE
V Rg)3 (132)
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where (·)3 is the third element of the vector. Therefore, the perturbation of initial condition can
be represented as state perturbation as:

V x̃k =


−αI0

V Rg
αbV pI0×cg
αbV vI0×cg
αbV pf×cg
(−αE

V Rg)3

03×1

 (133)

Clearly, V Hk
V Φ(tk, t0)V x̃k yields zero matrix. Therefore, the V x̃k is in null space of V Hk

V Φ(tk, t0),
which means the rotation of {V } respect to {E} along the gravity axis is unobservable.

3.3 Translation of {V } respect to {E}
Now we try perturbing the EpV by T = αe1 +βe2 +γe3 where ei for i = 1, 2, 3 are standard basis:

EpV ′ = EpV + T (134)

Apply the perturbation Eq. (134) to the initial position of the IMU:

V ′pI0 = V ′pV + V ′
V RV pI0 (135)

= V ′pE + V ′
E REpV + V pI0 (136)

= −E
V R>EpV ′ +

E
V R>EpV + V pI0 (137)

= −E
V R>T + V pI0 (138)

Then the perturbation of the position of IMU in (79) become:

V pI0 +V p̃I0 = V ′pI0 (139)

= −E
V R>T + V pI0 (140)

⇒V p̃I0 = −E
V R>T (141)

Apply the perturbation Eq. (134) to the position of the feature:

V ′pf = V ′pV + V ′
V RV pf (142)

= V ′pE + V ′
E REpV + V pf (143)

= −E
V R>EpV ′ +

E
V R>EpV + V pf (144)

= −E
V R>T + V pf (145)

Then the perturbation of the position of IMU in (79) become:

V pf +V p̃f = V ′pf (146)

= −E
V R>T + V pf (147)

⇒V p̃f = −E
V R>T (148)

Therefore, the perturbation of {V } respect to {E} can be represented as state perturbation as:
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V x̃k =



03×1

−E
V R>T
03×1

−E
V R>T
03×1

T

 (149)

Clearly, V Hk
V Φ(tk, t0)V x̃k yields zero matrix. Therefore, the V x̃k is in null space of V Hk

V Φ(tk, t0),
which means the translation of {V } respect to {E} is unobservable.

3.4 Null space of observability matrix of system in VIO

null(V M) =



03 −I0
V R̂g

I3 bV p̂I0×cg
03 bV v̂I0×cg
I3 bV p̂f×cg

01×3 (−E
V R̂g)3

−E
V R̂ 03×1


16×4

(150)

The simplified, gathered nullspace from Eq. (133) and Eq. (149) is shown above. The span of the
columns of this matrix encodes the unobservable subspace. By inspection, the first block column
corresponds to the translation of {V } relative to {E} and the second block column to the rotation
of {V } with respect to {E} along the axis of gravity. It thus becomes clear that the GPS-VIO
system in the VIO frame has these four unobservable directions which are essentially inherited from
the standard VIO [8, 10].
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4 Observability: ENU Reference Frame

When the system is in {E}, the parameters in the state is represented in {E} as:

Exk =
[
Ik
E q̄
> Ep>Ik

Ev>Ik
Ep>f

E
V q̄
> Ep>V

]>
(151)

We can easily compute the observability matrix EM from Eq. (97)-(102) by changing the param-
eters in {V } to {E} as:

EM =


...

EHk
EΦ(tk, t0)

...

 , EHk
EΦ(tk, t0) =

[
Γ1 Γ2 Γ3 Γ4 02×1 02×3

Γ5 Γ6 Γ7 03 Γ8 Γ9

]
(152)

Γ1 = HΠ
Ik
E R̂bEp̂f − Ep̂I0 − Ev̂I0∆t+

1

2
g∆t2×cI0E R̂> (153)

Γ2 = −HΠ
Ik
E R̂, Γ3 = −∆tHΠ

Ik
E R̂ (154)

Γ4 = HΠ
Ik
E R̂, Γ5 = −bEp̂Ik − Ep̂I0 − Ev̂I0∆t+

1

2
g∆t2×cI0E R̂> (155)

Γ6 = I3, Γ7 = ∆tI3 (156)

Γ8 = (bEp̂Ik×c)z, Γ9 = I3 (157)

Clearly, the multiplication of EHk
EΦ(tk, t0) with null(V M) does not yield a zero matrix which

means the 4 unobservable directions of Eq. (79) are now observable. Since VIO is known to have 4
unobservable directions [8, 10], we can conclude that the state in the ENU, see Eq. (151), is fully
observable.

While the above results seem to be counter-intuitive given the availability of global GPS mea-
surements, the root cause of this unobservability is the gauge freedom of the 4 d.o.f GPS-VIO frame
transformation. Thus even though we utilize global measurements, the system maintains a non-
trivial null space. Unobservable directions are known to cause inconsistency issues for linearized
estimators as these null spaces falsely disappear due to numerical errors. Therefore the estimator
gains information in spurious directions, hurting overall consistency and accuracy, unless special
techniques are utilized [8, 11].
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5 State transformation from {V } to {E}
Based on the analysis of the previous chapter, we transform the state transform Eq. (79) to Eq.
(151) including the propagation of the covariance to achieve full observability. First, we transform
the state as:

Exk = g(V xk,
E
V R,EpV ) (158)

which in specific:

Ik
E R = Ik

V RE
V R> (159)

EpIk = E
V RV pIk + EpV (160)

EvIk = E
V RV vIk (161)

The Eq. (159)-(161) can be used to warp the all stochastic clone poses and features in general.
Biases and calibration parameters have identity transform between the two frames.

Now we linearize function (158) at current estimate to achieve the Jacobian matrix Ψ and
propagate the covariance matrix with it as:

Ex̃k = ΨV x̃k , P⊕ = ΨP	Ψ> (162)

where

Ψ =



I3 03 03 03 (IkV R̂E
V R̂>)z 03

03
E
V R̂ 03 03 (bEV R̂V p̂Ik×c)z I3

03 03
E
V R̂ 03 (bEV R̂V v̂Ik×c)z 03

03 03 03
E
V R̂ (bEV R̂V p̂f×c)z I3

01×3 01×3 01×3 01×3 1 01×3

03 03 03 03 03×1 I3


(163)

After the transformation, we perform Schur complement [12] to marginalize E
V q̄ and EpV from the

state because they are no longer needed. The final state is:

xk =
[
Ik
E q̄

EpIk
EvIk

Epf

]
(164)

or in general:

Exk =
[
Ex>Ik

Ex>Ck
Ip>G

ItG
]>

(165)

ExIk =
[
Ik
E q̄
> Ep>Ik

Ev>Ik b>ωk b>ak

]>
(166)

ExCk =
[
Ik−1

E q̄> Ep>Ik−1
· · · Ik−n

E q̄> Ep>Ik−n

]>
(167)

Note the state is fully observable.
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